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1 1
Use of y and Nz

L .

— and —= are common operations in
d™" Vd

# Computer Graphics (geometry engine)

Examples:
s Sony’s Emotion Engine (PS2)
s Cell processor

# Scientific computations
Vector operations:
vector division, vector normalization, ...

o -
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1 1
Hardware Impl. of - and Nz
fAlternatives for hardware implementation of L and 1 T
d ™" Vd
Linear convergence
# Digit—by—digit algorithms
ADV. low hardware overhead

Quadratic convergence
# Quadratic convergent (Newton-Raphson) algorithm
# Polynomial approximations

ADV. reduced number of iterations
DIS. dedicated parallel multiplier and tables required

o -
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Proposed Algorithm

# Digit—by—digit algorithm together with one iteration NR

Digit—-by—digit
Algorithm for

d ~lang ¢ 712

Result
digit

qJ+1

-
|

Digit—-recurrence

NR Approximation

-
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# Digit—by—digit algorithm together with one iteration NR

Proposed Algorithm

Digit—-by—digit
Algorithm for

d ~lang ¢ 712

Result
digit

# Overlapped execution

Latency of conventional digit—by—digit algorithm

D-D Rec.
(alone)

D-D Rec.
Result digits

NR Approx.

qJ+1

-
|

Digit—-recurrence

NR Approximation

-
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One Newton-Raphson Iteration

=

L. k approximation of ;

A= k(2 — kd)

erroronk:. o6=1—kd
erroron A: e=1— Ad = 6

1

Vd

_ K 2
B_§(S—dk)

- L
VR k approximation of

erroronk: 0=1—kVd
error on B: e:l—B\/Ezg(3—5)—>O(52)
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Reciprocal Algorithm

Digit—by—digit

Algorithm for
d _1

qj+1

Digit-recurrence

NR Approximation

A= Qlg|(2 — dQlg])

At iteration j: partial quotient and

QL) = QO]+ > _air™
1=1

with error ¢

.
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Alj] = Ql(2 = d Qlj))

with error 42

Its approximation

-
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Reciprocal Algorithm (cont.)

o .

® W recurrence computes first g quotient digits g;

wly+1] = rwlj] —g¢j+1d
gj+2 = SEL(rwlj+1].d)

#® Approximation recurrence (overlapped)
Introducing E[j] = r% A[j]

E[j 4+ 1] = r*E[j] + qj+1(2rw(j] — ¢j41d)
w|j] and —g;41d are computed in W recurrence

o -
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Reciprocal Algorithm (cont.)

f ) Reciprocal recurrence JA Approx. recurrence T
%41 d r\lNU] r 2 E[j]
L» ,-lc 2rw[j]
s
d - + : - +
ADD ' ADD
, Y
\ EEEE—— ] qj'l'l:—» *
Y | ‘ Y
DIGIT ! T T
SELECTION | ADD
| . |
942 w[j+1] i E[j+1]
wlj + 1] = rw[j] — gjad | E[j + 1] = r2E[j]+
g2 = SEL(rw[j + 1, d) ¢j+1(2rwlj] = gje1d)
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Exact Rounding (if needed)

fRounding consists of the following steps: T

1. Determine if result obtained can be directly rounded.
Only a few critical cases, easy to detect:

Error of approximation < 2P

LR 2P Rounding to
XXXXXX0111..11xXxX....

---------- \_/ Nearest—Even

possible propagation
of error

2. If not continue with the digit rec. until the rounding bit is
produced (using standard recurrence)
The latency increases for these cases
L These cases have very low probability J
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Reciprocal: Radix-4 Implementation

o .

Recurrences and SEL

wlj+1] = dwlj| — ¢j+1d
gj+2 = SEL(4wlj+1],d)
Ej+1 = 4*E[j]+ ¢j+1(2 - 4w[j] — ¢j+1d)

Iterations (recurrence) g = 13 (double precision)
Quotient digit ¢; = {—2,—-1,0, 1,2} (1-out-4 encoded)
Selection function based on 7 bits 4w[j] and 3 bits d
Carry-save representation of w and £

© o o o @

Conversion done on-the-fly (1 extra cycle)

o -
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Reciprocal: Radix-4 Implementation
f 0j+1 d rw(j] r2El[j] T

% 4 l 2rw(j]
—2 =1 +1 +2
4-1 mux
Y 1Al ‘ \A
3—-2 cs adder 3—2 cs adder
Estimate
of d 7 q; -2 —Iv+1 +2
! ! 1 2-1 mux
short
/d\ adder W LAl
Estimate 4-2 cs adder
3 R 7 of rw[j+1]
digit
selection
4 Al
1A On_the_fly Yy
Qj+2 w[j+1] Conversion E[j+1]

L Finaliresult J
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Reciprocal: Radix-4 Implementation

Qjsg d rwj] r2E[]
4 -2 —1l+1 +2 ZVWU]
4-1 mux
Y 1Al ‘ \A
3—-2 cs adder 3—2 cs adder
Estimate
ofd . q; 214142
SthI‘t 1 2-1 mux
/d\ adder W LAl
Estimate 4-2 cs adder
3 R of rw[j+1]
digit
selection
4 Al
_V_ 1A On_the_fly Yy
Qj+2 w[j+1] Conversion E[j+1]

-
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Reciprocal: Radix-4 Implementation

-

.

Gj+1 T il 0]
2rwlj
\‘\4— -2-1+1+2 [l]
o - 4—1mu
critical path | ;
3—2 c9 adder 3—2 cs adder
Estimate
ofd v : 7 q i1 - -2 —IV+1 +2
short . A
/CT adder W LAl
Estim_ate 4-2 cs adder
3, of rw[j+1]
digit
selectior
4 Al
Y Al On_the_ﬂy w
qj+2 w[j+1] Conversion E[j+1]

-

Final result
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Square-Root Recipr. Algorithm

fSame Idea as for reciprocal but a bit more complex T
Digit—by—digit o
Algorithm for pj+1 Digit-recurrence B
d -1/2 NR Approximation

B = P[g] (% - %dP[QP)

At iteration j: partial result and its approximation

PUL = PO+ Y pr Bl = Pl (5 - Pl
with error ¢ : with error §°
- Tosimplify: D[j] = dP[j] and C[j] = (1 /2)r~ U+ -
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Square-Root Recipr. Algorithm (cont.)

f ® W recurrence computes first g result digits p; T
[ wlj+1] = rwlj] - pj+1Dlj] — pj Cli]
< Dlj+1] = Dl[j]l+2pj1C[j]
Cli+1 = r=Clj]
\ pj+2 = SEL(rwl|j +1],D|j + 1))

#® Approximation recurrence (overlapped)
Introducing H|[j] = ¥ Blj]

we obtain

H[j + 1] = r*HI[j] + pjt1(2rwlj| +wlj + 1] — %ijD[j])

L wlj], w|j + 1] and D|j] are computed in W recurrence J
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Square-Root Recipr. Algorlthm (cont.)

Square—-root reCIprocaI recurrence ApprOXImatlon recurrence

Dl 2C[]  Pjs1 DI cil ™Gl 2wlil TPl

—
T —— P #_
(12) ;jle[i] .
IOj+1g|:>bl
w[j+1]
i+
SELDEIC(:;'II'-II—ON rCi] P
| pj+1 *
Dj+1] Pjaz Wi+l Cli+1] —
wlj + 1] = rwlj] — pj+1Dlj] — p3 1 Clj] I
D[j + 1] = D|j] + 2p; 11Cj] |
Clj+ 1] =r"1C[j]
LHU +1] = r?H[j] + pj12rw[j] + w[j + 1] — 3pj+1D]j]) J
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Radix-4 - Implementation

7

Recurrences and SEL:

o .

wlj +1] = 4wlj] = pj+1Dlj] — p3 1 Clj]
D|j+1] = Dlj|+2pj+1Clj]
Cli+1 = 47'Cj]

Pi+2 = SEL(rw[j+1],D[j+1])

H[j+1] = 42H[j] + pj41(2- 4w[j] + w[j + 1] — 5pj+1 D))

lterations (recurrence) g = 13 (double precision)
Quotient digit p; = {—2,-1,0,1,2} (1-out-4 encoded)

-
o
® Selection function based on 7 bits 4w[;j] and 4 bits d
# Carry-save representation of w and H

o

Conversion done on-the-fly (1 extra cycle) J

.
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¥ 1 .
Radix-4 Nz | mplementation

DO] 2T[i] Pj+1 rwii] D[] Chl -(1/2i)D[i] 2rI’V[i] r?H]

4 :
~2 1 +1 +2 —2 -1 +1 +2 4+1+1 +4 L P; 4+1+1+4 | g, ~2 1 +1+2
41 mux ‘ ] P T | Pt
: -p1(1/2) DI
4-2 cs adder ; 4-2 cs adder
8 4.8 Wj+1]
LT i !
Do Piger—2-1+41+2
sdder | |adder ghtshift2| 1T et 3-2 cs adder
cp adder |
/%@ # Estimate | i
Estimate — of 4w[j+1]
of D[j+1] dlgl_t : 4-2 cs adder
selection
T ' |
D[j+1] Pj+2 wj+1] Cli+1] H[j+1]

o -
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¥ 1 .
Radix-4 Nz | mplementation

DO] 2T[i] Pj+1 rwii] D[] Chl -(1/2i)D[i] 2rI’V[i] r?H]

4 :
—2-1+1+2 —2-1+1+2 4+1 +1 +4 L P; 4+1+1+4 | g, ~2 1 +1+2
41 mux ‘ T ke e P e | P+ e o
: -p1(1/2) DI
4-2 cs adder ; 4-2 cs adder
8 4.8 Wj+1]
LT i !
Do Piger—2-1+41+2
sdder | |adder ghtshift2| 1T et 3-2 cs adder
cp adder |
/%@ # Estimate | i
Estimate — of 4w[j+1]
of D[j+1] dlgl_t : 4-2 cs adder
selection :
2
D[j+1] Pj+2 wj+1] Cli+1] H[j+1]

o -
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¥ 1 .
Radix-4 Nz | mplementation

DIj] 2 Tm Pj+1 wli]  DIj] CLi] | —(1/2i)D[i] ZrTV[i] r2H(j]
4# ;
—2—1+1+2 —2-1+1+2 4+1+1+4 oF 4+1+1+4 | . —2 -1 +1+2
4—1+me ‘ 4 1-'.‘:‘.".L+X L+ 4tl+me | pj+1a+ 4tlJ;an pJ+1H 4—14;an
: -p1(1/2) DI
4-2 cs aglder ; 4-2 cs adder
8 4.8 Wj+1]
L7 i !
short short : : - Pjr1—2 vl 3-2 c¢s adder
adder | |ddder right shift2 | - 4-1 mux
cp adder 5 |
/%@ # Estimate | i
Estimate — of 4w[j+1]
of D[j+1] dlgl! : 4-2 cs adder
selectijon i
Z
Dl+1] Pj+2 W[j+1] Ch+1] H[j+1]

critical path

o -
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| mplementation Results

1/d and 1/v/d units implemented in 0.18 m Standard Cells

Unit Critical path
1/d tbuf tmuz tmor?) tsel treg
0.11 +0.20 4+ 0.16 +0.61 +0.28 = 1.36ns
1/\/a tbuf bmug t4—2 tsel treg
0.00 4+0.20 40.27 4097 4028 = 1.77ns

Cycle time of 1/d same as r-4 digit rec. (~ 20 tyor—_Fo4)

Unit Area
D-D rec. Approx. Conv. Total
1/d 2700 4550 3500 11650
1//d 8200 7700 3500 19500

-
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Comparison other Digit-recurrence lmpl.

B

Speed-up (execution time)

B

18r

16

14 r

12 r

08 [

0.6

r=16

1

. —
(14 cycles) d

]

This work m

r=512
(9 cycles)

(14 cycles)
=512
(15 cycles)
(27 cycles)
r=4 (27 cycles) Area ratio
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
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Conclusions

The combination of 1/d (1/+/d) digit-by-digit algorithm and
approximation allows

# Quadratic convergence and halving of execution time
(same cycle time)

# Correct rounding with small average overhead
® Speed-up 1.5 with respect to r-16 (area increase 20%)

Future Work
# EXxplore implementations for higher radices
# Extension to obtain also division and square root

#® Check the use of faster r-4 digit recurrence
L (selection by comparison) J
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