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Abstract:

Square root is an operation performed by the hardware in recent generations of processors.
The hardware implementation of the square root operation is achieved by different means.
One of the popular methods is the non-restoring algorithm. In this paper, the classical non-
restoring array structure is improved in order to simplify the circuit. This reduction is done
by eliminating a number of circuit elements without any loss in the precision of the square
root or the remainder. For a 64-bit non-restoring circuit the area of the suggested circuit is
about 44% smaller than that of a conventional non-restoring array circuit. Furthermore, in
order to create an environment for modular design of the non-restoring square root circuit, a
number of modules are suggested. Using these modules it is possible to construct any square
root circuit with an arbitrary number of input bits. The suggested methodology results in an
expandable design with reduced area. Analytical and simulation results show that the delay
of the proposed circuit, for a 64-bit radicand, is 80% less than that of a conventional non-

restoring array circuit.

Keywords: Square Root, Non-Restoring Algorithm, CMOS, Expandability, Standard Cell,
VLSI.

1 INTRODUCTION

In scientific computations next to the basic mathematical operations of addition,
subtraction, multiplication, and division, square root is the most useful and vital operation.
Numerical analysis, complex number computations, statistical analysis, computer graphics,
and radar signal processing are among the fields where square root has relevance [1]. The
early processors performed the square root operation by software means, which resulted in

long delays for its completion. With the advancement of technology and possibility of



integrating large circuits on a single chip and also increase in demand for higher
computational speeds, hardware implementation of many of the operations that previously
had been performed by software became more attractive.

There are different methods for computing the square root operation, which can be
grouped into two distinct categories:

e Methods that compute the square root in a digit-by-digit manner, such as restoring,
non-restoring [2, 3], and SRT [4]. The precision of these methods, which compute only one
digit of the square root at each step, is directly dependent on the number of iterations.
Hardware implementation of these methods usually consists of an array of simple
computational modules. Each row of the array performs one iteration of the algorithm.

o [Estimation methods, such as Newton-Raphson [5], which are based on iterative
solving of nonlinear equations. In these methods, the square root operation starts with an
initial estimation of the square root or its inverse. This initial estimation is improved through a

recursive operation, which finally generates the square root of the intended number [6, 7, §8].

Design of integrated circuits with large number of transistors is a lengthy and costly
process. If these circuits consist of a number of simple and repeated blocks, then the design
process is significantly simplified. Modularity, which is a quality factor for the design of
digital circuits, is defined as the ratio of total number of transistors in a circuit to the number
of transistors that are used in unique modules that are designed separately. This factor should
be as high as possible. If one can design a large circuit with the aid of one or two small

blocks, which are used repeatedly, then the modularity factor will be a large number [9].

Unlike many arithmetic circuits, such as adders and multipliers, the square root
circuits are not modular and regular. For example in carry propagate adders a larger module
can be constructed by concatenating modules. This is not true for the current designs of
square root circuits with array structures. In the present paper, a modular design is suggested
for a non-restoring square root circuit. In many modular designs, for the sake of regularity,
some blocks contain parts that are not always useful. An example of such a design is the
array multiplier where some of the full adders can be replaced by half adders, but the
replacement would reduce the regularity of the design. In our proposed structure, while
keeping regularity, all of the internal elements of the circuit blocks are necessary for the
correct function of the circuit. Also, we eliminated non-essential circuit elements of the
existing non-restoring square root circuit. Then, two different modules are designed for the
suggested array formation. Using these modules, any non-restoring square root circuit with
any number of input bits can be designed. The simulation results are compared with those of
a standard non-restoring circuit in order to show the superiority of the suggested design.

Finally, we discuss hardware requirements and delay analysis of the design.



2 NON-RESTORING SQUARE ROOT ALGORITHM

The non-restoring square root algorithm is a digit-by-digit scheme where at each
iteration of the algorithm only one digit of the square root is generated [10]. In an iterative
loop square root digits are selected based on the sign of the partial remainder. If the partial
remainder is negative the square root digit is selected as -1 otherwise 1 will be selected at that
stage. This strategy is in contrast with the restoring algorithm where a negative partial
remainder is not tolerated and must be restored to a positive value.

Suppose a 2rn-bit operand X is such that% < X <1, hence, its square root Y will be such

1 . . :
thatE <Y <1. Equation 1 shows a recursive relation that generates the square root.

Y=Y+ yx2 (1)
where Yi-1 is the partial square root thus far and V ;1s the square root digit at the i™ iteration.
When working with radix 2 numbers, the value of V; appended to the right of a fractional
Y i1 at the /" position requires a scaling by 2. The partial remainder at the i stage is shown

in Equation 2.

R=X -Y; @
With substitution for ¥;in Equation 2 we get:

R-X~(Y.+y=2") 3)

R=(X-Yi)-y,27(2Y;+y,;%27) 4)

Ri=Ri-1=;27'(2Y,_+y;x27) ®)

Before computing R; we need to decide on the value of );based on the sign of R;_; in the

following manner:
— j <0
IS
4L R 20 (©)

If the signed-digit square root Y were to be computed first and then converted to its 2's
complement equivalent, Q, then the following algorithm could have been employed [11]:

a) Replace all -1 digits with 0's to get an n-bit number Q =0.¢, g, ...q, with ¢,€{0.1} .
b) Complement ¢,and append a 1 bit to the LSB position to get the 2's complement

quotient Q = 0. é1q2~-~qn1

Since we want to use regular logic circuits for implementation of the algorithm we
cannot use signed digits such as -1. These signed J;digits are converted to ¢;binary digits to

make up O, the binary square root. Since Yo, which is the radicand, is always positive, Q is

positive, and hence ¢,=0. In the other steps if »,=+lthen ¢; ;=1 and if y;=—1



thenq,_;=0 . Therefore, the above mentioned algorithm can be modified to perform on the

fly conversion from Yi-1to Q,, in the following manner:

Y.—-2""if y=-1

QH = YH lj(‘ y1 =+ 1 (7)

Now using Equation 7 we can express Yi-1in terms of Q, ;and by plugging it back into
Equation 5 partial remainder at iteration i is obtained as:

R+ (20 +3x2)2" if R.<0
Ri = y y . (8)
R.+(20 +2)2 i R.>0

It should be noticed that2 O, + 3 x 2" is equivalent to one position left-shift of O, ;and

appending of 11 to the right of the shifted O, ;. Also, 20, + 2 is interpreted as left shifted
0, , with a 01 appended to it at the least significant position. Furthermore, multiplication by
2" is done by shifting the operand i positions to the right. Hence, we rewrite Equation 8 in the

following form:

|R.+0.00...0 9,.9.9.-9.11 if R.<O0

R.= .
R.—0.00...09.9,9.-9..01 if R.>0 )]

In Equation 9, the least significant position has a value of 272', hence the number of leading

zeros before g; can be calculated. Figure 1 shows the five main steps of the non-restoring
algorithm for performing square root of real fixed point numbers [10, 11]. In this algorithm X
is a 2n-bit operand and its square root is an n-bit number Q such that:

X= Q2 =0.x1x2...X2,

0=0.9192...gx= Jx

algorithm Non-restoring square root is
input: 2n-bit operand X
output: n-bit quotient Q,
n-bit remainder R
Step 1: Ry=0.x1x7; Fp=0.01; i=1 ;
Step 2: R]:Ro—Fo;
Step 3: If (R;i<0)
then (q, «~0 ,R, < Rl’ . X2i+1X2i+2 ,Fl < 0006]16]26],1 1 5 R,’+1 < Rl'"‘Fi ,)
Else (qi «~—1 ;R,— <« Ri . X2i+1X2i42 ;Fi < 000(]1(]2%01 5 R,’+1 <« R,--F,- ;)
Step 4: i < i+1;
Step 5: If (i < n) then (go to step 3)
Else (0=0.919293...9»);
End,

Figure 1. Non-restoring square root algorithm.




Steps 1 and 2 in Figure 1 show the initialization of the algorithm based on Equation 9,
where R¢=0.xx; is always positive, and hence an initial subtraction is always performed.
After R, is formed, from there on, steps 3 to 5 of the algorithm are iterated. At each iteration
of these steps, two bits of the operand are augmented to the right of the previous step's partial
remainder to form R;. On the other hand, square root bits are right shifted and augmented with
two constant digits of 01 or 11 to form a variable called F;. Based on the value of R;, a square
root digit g; is selected. The next partial remainder R;4; is formed by adding either F; or —F; to
R;. A classical hardware implementation of the non-restoring algorithm by an array structure
is shown in Figure 2 [12, 13]. The main building blocks of the array circuit are blocks
known as Controlled Add-Subtract (CAS). The details of a CAS block are presented in Figure
3, where a full adder (FA) can be seen with an XOR at one of the FA’s inputs.
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Figure 2. 8-bit classical non-restoring square root circuit using CAS blocks.
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Figure 3. Internal structure of a CAS block.

Each row of the circuit in Figure 2 performs one iteration of the non-restoring square
root algorithm, where either an addition or a subtraction is carried out. A row of CAS blocks
can perform either an addition or a subtraction depending on the value of the control signal.

Referring to Figure 3, if the control signal P of a CAS is 0, then the sum of inputs D, X, and



Ci, appears at outputs C,,c and R. If line P is set to 1, then the one’s complement of D is added
to X and C;,, which by using the arrangement of Figure 2 this performs a 2's complement
subtraction. For ease of reference, from here on, the classical non-restoring circuit is referred
to as the Classical-NR design. Simulation results for a 16-bit Classical-NR are shown in
Figure 4, where the square root of 0.C000y is found to be 0.DDy with a remainder of 0.0137y.
These waveforms show the correct functionality of the circuit and its delay. The inherent
ripple effects in the circuit produce some intermittent results before the circuit's outputs reach
to a set of final results. In the following sections we propose improvements to the Classical-
NR design. By comparing the waveforms of the proposed designs with those of Figure 4 we
can show the delay reduction as well as the correctness of the circuits. All circuits are tested

with a wide range of numbers but the waveforms of only one example for each design are

illustrated.
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Figure 4. Timing and functionality test for the classical non-restoring circuit (Classical-NR).

In Figure 2, in any row, i, there are 2i number of CAS blocks. Furthermore, the
connections between the CAS blocks are not identical. In each row, the D input of the first
block, at the right end, is 1. The second block has its D input as the complement of the P
input. Then the third block has its D input coming directly from the P input. For the rest of
the blocks of a row, the D input is taken from the D output of a block in the previous row.
These differences in the connections cause the structure to not be a modular one. The aim of
a modular design in this context is to come up with a number of blocks that by laying them
next to each other, without need for other circuit elements, such as logic gates, one can
construct a square root circuit, which can be expanded for any number of input bits.

Implementation of a CAS block at transistor level using CMOS technology can be
found in references [13] and [14]. Many different designs have been proposed for both full
adder and XOR because these two are widely used in computational circuits. For the sake of
comparison of different architectures that we propose in this paper, we consider a typical
implementation of these circuits which is a 28-transistor full adder and a 10-transistor XOR
[14]. These transistor counts just lay down a basis for comparison and will not affect the
overall arguments. In other words, if we improve the Classical-NR circuit by reducing the
number of CAS blocks we can claim that the overall area that the improved design requires on
a chip has been reduced as compared to the Classical-NR circuit. This reduction in area

would be irrespective of the transistor implementations of the CAS blocks.



3 IMPROVED NON-RESTORING CIRCUIT

In Figure 2 to obtain the partial remainder at the i step, a 2i-bit add/subtract circuit is
used. The add/subtract circuit is constructed from 2i number of CAS cells. We want to show
that some of these CAS cells are redundant and can be eliminated.

Lemma: At the i iteration of the non-restoring square root algorithm, i+2 bits are
sufficient to represent the remainder.

Proof: Assuming that 0=qq>...qx is the n-bit square root of a 2n-bit number, X, then the

remainder, R, is:

R=X-0’ (10)
For Q to be the square root of X, then (Q+1) has to be greater than X, therefore:

O+1)?=0"+20+1>X (11)
Using (11) an upper limit for the remainder of the square root is obtained:

R=X-0"<20+1 (12)

Therefore, the maximum value for the remainder is:

R =20 (13)
This means that the remainder is at most two times the obtained square root. In the non-
restoring algorithm, it is possible to have negative remainders. This happens when the
computed square root is one unit more than the actual value. In this case, if R'is the negative
remainder, the following shows its value as a function of the actual remainder, R, and the
actual square root, Q:

R'=X—-(0+1=R-(20+)) (14)
Hence, the most negative value that the remainder of the square root operation can assume is:

R =20 +1) (15)
We know that Q is a positive n-bit number that is produced in # iterations. The two's
complement representation of the remainder R requires at most #+2 bits. Hence, in general, at
the i™ iteration, where an i-bit square root is available, the remainder can be represented by at
most i+2 bits. O

Based on the above lemma we notice that at the i™

step, it is sufficient to use an
add/subtract circuit with i+2 bits. This implies that in the i row of a Classical-NR circuit,
rather than using 2i, only i+2 number of CAS blocks are required. Hence, i-2 blocks in the "

row are redundant. In the following we show which CAS blocks are redundant.

In a Classical-NR circuit, such as the one in Figure 2, at the i row, ¢, is produced,
which is one bit of the square root. This ¢, is actually the carry out of a 2's complement
addition of R, ,+F, . The addition with £, | is performed if R, , were to be negative. If that
is the case, then ¢;.; is 0 and the sign of R, is 1. The second case that can occur is a positive

Ri.1, carry out of the row is 1, and the sign of R, , is 0. Table 1 shows the only two possible

cases that can happen at the i row.



Table 1. Illustration of redundancy in sign extension part of Classical-NR circuit

Carry out of row i-1 | Sign(R;.;) | Operation | Value of carry out of i" row

at fh row
qi-1=0 1 Ri1+Fiy
qi-1=1 0 Ri-Fiq

It is shown in Table 1 that for either case of R, j£F;;, the produced carry at the i row is
not known, but this carry is propagated through i-2 leftmost CASs of each row. Hence, the
CAS blocks that only propagate a row's carry and produce identical outputs are redundant.
By eliminating these redundant blocks, the structure of Figure 5 is obtained. From here on,
this circuit is referred to as the Reduced-Area-NR circuit. Simulation results for this type of
structure, with 16-bit radicand, are shown in Figure 6.
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Figure 5. Non restoring circuit with redundant CAS blocks eliminated (Reduced-Area-NR).
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Figure 6. Timing and functionality test for Reduced-Area-NR circuit.

In Figure 6, a 16-bit radicand X with a value of C000y is fed in a Reduced-Area-NR circuit.
The computed square root of DDy and remainder of 0137y are accurate and show the correct
functionality of the design. Furthermore, we see that there are fewer ripples in the waveforms
of Figure 6. This is due to the presence of fewer CAS blocks in this circuit as compared to
the circuit that produced waveforms of Figure 4. Hence, the remainder output of the
Reduced-Area-NR circuit is valid after 51 ns while the Classical-NR circuit produces a similar
output in 82 ns.

Figure 7 shows a comparison between the Classical and the Reduced-Area-NR circuits.

30 34

Figure 7. Comparison between Classical and Reduced-Area-NR circuits in terms of required CASs.

By referring to Figure 2 we see that a Classical-NR circuit layout resembles a right trapezoid.
The height of the trapezoid is the number of CAS rows, which in turn is the number of bits of
the square root. The top base of the trapezoid is always 2 since there are always two CAS
blocks in the first row of the circuit. Based on the algorithm of Figure 1, we observe that the
bottom base of the trapezoid has as many CAS blocks as the number of bits in the radicand.
In Figure 7 three examples for 16-bit, 32-bit, and 64-bit Classical-NR circuits are illustrated.
For example, for a 64-bit Classical-NR circuit, the length of the bottom base is 64, since there
are 64 CASs in its last row. Also, the height of the trapezoid in this case is 32, since there are
32 rows in this circuit. In Figure 7 the redundant CAS blocks are shown as the hatched area.
From the third row of any Classical-NR circuit we encounter the redundant CSA blocks. As
the size of the circuit is increased to accommodate larger radicands, the number of CAS
blocks, that are redundant and are eliminated in the Reduced-Area-NR circuit, increases. For
example, in a 64-bit Classical-NR, just in the last row, 30 out of the 64 CAS blocks are



redundant. The number of CAS blocks in a 2n-bit Classical-NR circuit is Zn: 2i while this

i=1

number is reduced to 2+ 2(2 +1) for a Reduced-Area-NR circuit. For a Classical-NR circuit

i=1
with 64-bit radicands there are 1056 CASs while there are only 591 CASs in a Reduced-Area-
NR circuit. Therefore, for a 64-bit circuit, the proposed Reduced-Area-NR circuit results in a

44% reduction in the required hardware.

4 MODULAR DESIGN

In this section, we intend to take the Reduced-Area-NR circuit of the previous section
and partition it into groups of blocks, called modules. This will consist of partitioning seven
CAS blocks into an X module and partitioning 4 neighboring CAS blocks into a Y module.
This strategy increases the modularity of the design. Therefore, by improving one module in
terms delay or area, the whole circuit is improved. Each X module consists of seven CAS
blocks from two consecutive rows. Figure 8 shows the internal structure and connections of
the X module. The X module is actually a portion of the circuit in Figure 5. CASy to CAS;;
of Figure 5 correspond to CAS, to CAS,. of the X module. Also, CAS4 to CAS;7 of Figure 5
correspond to CASy to CAS, of Figure 8. The circuit of Figure 8 is an 8-bit Reduced-Area-
NR circuit. In general, for any size circuit of this type, X modules can be formed at the far
right of every two rows. To the left of each X module, the rest of the CAS blocks of a
Reduced-Area-NR circuit have regular and direct connections. The inputs of CAS blocks in
an X module are same as the ones shown in Figure 5. Therefore, in Figure 8 we see that the
D inputs of CAS; and CASg are set to 1. Also, the D inputs of CASj and CASyof Figure 8
are the complement of the P inputs of those cells. And, the D inputs of CAS, and CAS, are
directly taken from the P inputs of the blocks.

—» P11 DI Ap A Ay Az A4
PI1
<— col
col
| Ro X
Ry =«
PI2 - —>{ P2
LAS:'
coz 7 «—C02 po] R D2 Ry R3 Ry
IR A

(b)

Figure 8. The X module, (a) internal structure, and (b) block diagram.
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A 4-bit square root circuit is actually the same as the first two rows of Figure 5. Hence,
to implement a 4-bit circuit only one X module is needed. We see that an X module has 3
CAS blocks in its first row and to perform a 4-bit square root we only need two CAS blocks
in the first row. This means that we do not need CAS,. We need to set PI1=1 to perform the
first subtraction that is required by the algorithm. Furthermore, by setting Ay=1 we force
CAS, of Figure 8 to only propagate its input carry to its output and play no other role. Same
as in Figure 5, where the carry out of the first row is fed to the P input of the second row,
CO1 has to be connected to PI2. Now that the radicand is a 4-bit number it is fed through A;
to A4 and the square root is taken at CO1 and CO2 outputs. In this way, 0.A1A2A3A4 is the
input, Q=0.9:9> is the computed square root, and the remainder is available at R; to R4. To
get the first bit of the square root, q;, using the algorithm of Figure 1, a two's complement
addition between A;A; and —01 should be performed. The 2-bit partial remainder from the
first row is 711712 and the carry output is ¢; which appears at CO1. To get the second bit of the
square root, ¢, it is necessary to do (r11712A3A4 + (—=0q;01)) if ¢;=1 and to do (711712A3A4 +
0g111) for ¢;=0.. This 4-bit addition is performed by CAS,; to CAS,. Therefore, it can be
seen that one X module can perform a 4-bit square root operation.

Now that we can carve out an X module, for example from the 3 and 4™ rows of
Figure 5, we see that four CAS blocks are left in these two rows. . These four CAS blocks
are grouped together to form a Y module. Figure 9 shows the details of a Y module. CAS5,
CASs, CASy, and CAS;; of Figure 5 correspond to CASj, CAS;, CAS;, and CASg of a Y
module. The D input of each CAS in a Y module is independent of the P input, unless
intentionally tied together. It can be seen that the circuit of Figure 5 can be partitioned into

two X and one Y modules.
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Figure 9. The Y module, (a) internal structure, and (b) block diagram.

Figure 10 shows the connections between the X and Y modules in order to construct a
16-bit square root circuit. As mentioned before, using the X and Y modules, the square root
of any 4n-bit operand can be calculated. To do so, » number of X modules and n(n-1)/2

number of Y modules are arranged in » rows. In the first row, one X module is present. In the

11



second row one X module to the right, and one Y module at the left exist. In the following
rows, the number of Y modules is increased by one, while only one X module is present at the
far right of each row. In other words, at the i row there are i-1 number of Y modules and
one X module. Figure 11 shows the floor plan and the general location of each module in a

4n-bit square circuit. The inputs are applied to the A through A4 inputs of the X modules.
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Figure 10. A 16-bit square root circuit using X and Y modules.
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4pn-bit circuit.

When we use the X and Y modules to construct a square root circuit, we refer to the design as
the Modular-NR circuit. The simulation results for a 16-bit Modular-NR are presented in
Figure 12.
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Figure 12. Timing and functionality test for a 16-bit modular expandable circuit (Modular-NR).

To see the effect of partitioning in a Reduced-Area-NR circuit the waveforms of Figure 12 are
presented where a radicand of AjA;... Ajg = 0.C000y is applied to the circuit of Figure 10.
The square root of 0.g192¢3...gs = 0.DDy is produced. For this specific example the output
settles down after 53 ns, as compared to the 51 ns of Figure 6. The reason for this extra delay
is the one extra CAS in the first X module of the circuit. Except for this difference the rest of

the circuit is identical to a Reduced-Area-NR design.

5 DELAY ANALYSIS AND HARDWARE COMPLEXITY

In order to compute the hardware complexity of Modular-NR design the number of
transistors of the X and Y modules must be found out. An X module consists of seven CAS
cells and two NOT gates. Each CAS consists of one full adder with 28 transistors and one
XOR which has 10 transistors. We also consider a typical CMOS NOT gate with 2
transistors. In an X module there are seven CAS blocks and two NOT gates. Each CAS
consists of 38 transistors and the two NOT gates require 4 transistors. Therefore, the number
of transistors of an X module with seven CAS blocks and two NOT gates is:

T, =7x38+4=270 (16)

The Y module consists of only four CAS cells. Hence, its number of transistors is equal to:
T, =4x38=152 17

It was shown in the previous section that for a 4n-bit square root circuit there are » number of
X and n(n-1)/2 number of Y modules. Hence, the total number of transistors for a 4n-bit
square root circuit is:

T, . =270n+152n(n-1)/2 (18)

This means that a 16-bit Modular-NR circuit uses 1992 transistors. A 16-bit Classical-NR
circuit has 8 rows with a total of 72 CASs and 7 NOT gates which requires 72x38+7x2=2750
transistors. Therefore Modular-NR circuit causes a 27.5% reduction in the number of utilized
transistors. This reduction in the required transistors become more pronounced as the circuit

becomes larger to accommodate larger radicands.
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The total delay of the circuit can be computed based on the delay of a CAS cell. Let
us assume that the delay of a CAS is A. To compute each digit of the square root one
addition or subtraction operation is required and the carry output of the last CAS cell has to be
obtained. Since this carry output determines the function of the next row, it is not possible to
start the next stage before finishing the operation of the current row. Therefore, in computing
the total delay, the delay of each row has to be considered. Accumulation of delays of every
row gives the total delay. In the /™ row an (i+2)-bit add/subtract operation is performed,
which has a delay of (i+2)A. Hence, a 4n-bit Modular-NR design, which generates n-bit
square roots, has the following delay:

n
D=3A+4A+...+(n+2)A={Z(2+i)]A=%(n+5)A (19)
i=1

As mentioned before, at the top of the modular structure, the first X module in a Modular-NR
circuit has 3 CASs in its first row while only 2 CASs are required. Hence, 3A in Equation 19
is justified. The rest of terms in Equation 19 follow Figure 5, where at every row there is one
more CAS as compared to its previous row. For a 32-bit Modular-NR square root circuit the
total delay is 152A which is 44% better than the 272A of the Classical-NR design.

6 IMPROVING THE X MODULES

The X module shown in Figure 8 consists of seven CAS cells. Due to its unique
structure and special connections between its internal cells, it is possible to come up with a
simpler structure for the X module. The improved structure will have fewer transistors and
consequently, smaller delay. Inputs (X, D, P, C;,) and outputs (R, C,,,) of a CAS are labeled
in Figure 2. The following Boolean equations define the relations between the inputs and
outputs of a CAS:

Con=X+C)DEP)+X.C,y

R=X®D®P)®C, (20)

Let us examine CAS, and CAS, of Figure 8. In both mentioned CAS blocks, the P
outputs are connected to C;, inputs and the D inputs are always 1. Therefore, by setting D=1
and C;,=P in Equation 20, the following is achieved:

Cou=(X+P)1®P)+ X.P= X

- (21)
R=X®(1®P)®P=X

Thus, CAS. and CAS, can be replaced by two NOT gates. In CASp and CASy of Figure 8,

the D input is connected to P through a NOT gate. By setting D =P in Equation 20 the

Boolean expression relating inputs and outputs of these cells will be of the following form:
Cou=(X+C)HPOP)+X.C\y =X +C,

_ E— (22)
R=X®OPO®P)®C,,=(XDC,)

14



The above relations imply that each of CASj and CASyrequires an OR and an XNOR gate.
Now considering CAS, and CAS,, it is observed that the P input of each cell is connected to
the D input of that cell. Hence, D in Equation 20 is set equal to P resulting in the following

Boolean expressions:

Cuur = (R + Cm)(P@ P) + R‘Cin = R‘Cin

R=R®(POP)®C,=ROC, ()

An AND gate and an XOR are required to construct either CAS, or CAS,. Therefore, using

the above modifications a simplified X module is designed, as shown in Figure 13.
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Figure 13: Logic diagram of a simplified X module.

By replacing the X modules, the overall delay and transistor count of a 4n-bit square
root circuits are improved. An AND or an OR gate can be constructed by 4 transistors in the
CMOS technology. Keeping in mind that the improved X module has two NOT, four XOR,
two AND, two OR gates, and one CAS cell, the number of its transistors can be computed as:

Ty =2x2+4x10+4x4+28=288 (24)

It is obvious that the number of transistors for the modified X module compared to the
previous design, which had seven CASs and 270 transistors, is 70% less. Using this improved

X module for a 4n-bit square root circuit, the total number of transistors will be:

T,

total

=88n+76n(n—1) (25)

Modular circuits that are built by the X module of Figure 13 will be referred as the
Simple-X-Module designs. The proposed simplification has more dire effects on smaller
circuits, where the X modules are the larger portion of the whole circuit. For a 32-bit circuit,
built by simplified X modules, the number of transistors will be 4960. This number is derived
from Equation 25 by plugging n=8. If the same circuit is built by X modules of Figure 8, the

required transistor count will be 6416, which is 29% more transistors than the Simple-X-
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Module design. Simulation results for a 16-bit Simple-X-Module design are shown in Figure
14.

Name I+ T T T - g pr|
g . {E000
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Figure 14. Timing and functionality test for the modular 16-bit Simple-X-Module design.

Waveforms of Figure 14 show an example of the function of the circuit built from
Simple-X-Modules. The radicand C000y, shown in Figure 14, is the same value that is used to
test other designs. Due to simpler internal structure of its X modules, the simulated circuit
produces its remainder, for this specific example, in 40 ns. This circuit is much faster than

other circuits studied in this paper.

7 SIMULATION RESULTS
In the previous sections, using the ModelSim SE 5.7f VHDL simulator, using large

number of sample inputs, the correct behavior of the circuits were verified. In this type of
simulation, a number of input data are defined and after running the simulator, output signals
are generated. Arbitrary data patterns as test samples were applied to the inputs of the circuits
and correct square roots and remainders were observed at the outputs. The delays of the

circuits were studied in the simulation by assigning a 1 ns delay to each gate.

In this section we look at the results obtained by implementing all of the designs using
the Xilinx Foundation ISE version 6.11 development tools. The implementations were aimed
for XCV100E-8 FPGA from the Xilinx Virtex E series. This was done to create a platform

for area consumption comparison between the designs.

After the correct operation of the circuit was verified, the synthesis phase can be
applied. The gates and signal paths’ delays are considered in this phase and the design
becomes ready for FPGA implementation. This is actually a timing simulation of the design.
Since the path that a signal may go through from an input port all the way to an output
depends on the initial value of that signal, the circuit delay may vary for different sample data.
Hence, the worst-case delay should be considered for each circuit. This means that the worst-
case delay should elapse before one can be certain that the correct output is generated. Prior
to this time, the output signals may have many transitional changes due to inherent ripple

effects that exist in-between blocks.

The main assets of an FPGA are "look up tables" (LUTs) and "configurable logic
blocks" (CLBs). The number of LUTs and CLBs that are in an FPGA depend on the type of
that specific IC. The FPGA that is referred to in this paper has 1200 CLBs and 2400 LUTs.
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In Table 2 the results obtained from implementation of different designs on the mentioned
FPGA are listed. The number of employed CLBs and LUTs is a good indication of the size of
the implemented circuit. We can then compare two different designs by comparing the used
assets of each design. Table 2 shows that the 64-bit Classical-NR design occupies 85% of the
CLBs and 74% of the LUTs of the FPGA. The other three designs are close to each other in

terms of the FPGA assets that they require for implementation.

Table 2. Comparison of the four designs in terms of area and delay.

Design # of Input Bits | Number of CLBs | Number of LUTs | Delay
Classical-NR 8 16 29 28 ns
Classical-NR 16 62 107 82 ns
Classical-NR 32 252 439 290 ns
Classical-NR 64 1023 (85%) 1779 (74%) 1096 ns
Reduced-Area-NR 8 11 19 25 ns
Reduced-Area-NR 16 41 72 51 ns
Reduced-Area-NR 32 158 274 113 ns
Reduced-Area-NR 64 616 (51%) 1072 (44%) 227 ns
Modular-NR 8 12 20 27 ns
Modular-NR 16 42 73 53 ns
Modular-NR 32 156 272 115 ns
Modular-NR 64 617 (51%) 1073 (44%) 229 ns
Simple-X-Module 8 12 21 15 ns
Simple-X-Module 16 42 73 40 ns
Simple-X-Module 32 162 282 100 ns
Simple-X-Module 64 622 (51%) 1081 (45%) 214 ns

The circuit delays for two of the designs are presented as two curves in Figure 15. We
can see that the X module was significantly improved in terms of the employed hardware.
This brought by a significant reduction in the delay of this module. It was shown that to
accommodate for a 4-bit radicand only one X module is enough. This means that by using a
Simple-X-Module the whole 4-bit circuit is affected. For an 8-bit radicand two X modules and
one Y module are needed. By using Simple-X-module a big portion of the circuit is then
modified. As the size of the radicand increases bigger portions of the circuits will be
comprised of the Y modules. Therefore, the improved part (X modules) would cover smaller

portions of the circuits. Hence, an 8-bit Simple-X-Module has a speedup of 1.8 as compared
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to a corresponding Modular-NR circuit. We see that the speedup is reduced to 1.07 when a
64-bit Simple-X-Module is compared with a corresponding Modular-NR circuit. On the other
hand, when we compare the Classical-NR design with the Simple-X-Module, as shown in
Figure 15, the reduction in delay has two sources. In Figure 15 we see that for bigger
radicands the reduction in delay is greater and that is mainly due to the eliminated CAS
blocks. A second parameter, with lesser effect, that has helped the higher speed of the
Simple-X-Module design is the employment of the improved X modules.
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Figure 15. Delay comparison between Classical-NR and Simple-X-Module designs.

8 CONCLUSION

Fixed point square root operation is an important function for graphical routines and
nowadays many of the processors implement it. In this paper we examined the non-restoring
square root routine in order to improve the classical design in terms of area and delay. The
classical array structure was first improved by reducing the number of CAS blocks that are
used in these circuits. Furthermore, a modular design was proposed in this paper where by
using two distinct modules (X and Y) a circuit could be easily built. Expanding a circuit with
the proposed modular design was shown to be feasible. Since our implementation platform
was FPGA we did not have leverage in optimizing the internal connections and routings
between the CLBs. It is reported that ASIC implementation of digital circuits could result in
speedups of about 4 as compared to FPGA implementations [15]. In case that X and Y
modules are designed as standard VLSI cells, the delay of the circuits will certainly be less
than those mentioned in Table 2. Irrespective of the implementation platform, the relative
speedups and area advantages of the proposed designs, as compared to the Classical-NR

circuits, remain intact.
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