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The SRT division algorithm is one of the most popular methods for implement-
ing floating-point division and related operations in high-performance arith-
Even though the theory of SRT division has been extensively
studied [Atk68], the design of dividers still remains a serious challenge [OF94],
and it is easy to make mistakes in its implementation—as was illustrated by the
much publicized FDIV error in the Intel Pentium chip. As Pratt [Pra95] points
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Abstract

We describe a formal specification and verification in PVS for the
general theory of SRT division, and for the hardware design of a spe-
cific implementation. The specification demonstrates how attributes of
the PVS language (in particular, predicate subtypes) allow the general
theory to be developed in a readable manner that is similar to textbook
presentations, while the PVS table construct allows direct specification
of the implementation’s quotient look-up table. Verification of the deriva-
tions in the SRT theory and for the data path and look-up table of the
implementation are highly automated and performed for arbitrary, but
finite precision; in addition, the theory is verified for general radix, while
the implementation is specialized to radix 4. The effectiveness of the au-
tomation derives from PVS’s tight integration of rewriting with decision
procedures for equality, linear arithmetic over integers and rationals, and
propositional logic. This example demonstrates that the resources of an
expressive specification language and of a general-purpose theorem prover
are not inimical to highly automated verification in this domain, and can
contribute to clarity, generality, and reuse.
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in his analysis, it is unlikely testing alone would have caught that error as it
was due to five wrong entries in the quotient look-up table in a region of the
table that was thought to be unreachable. Hence, formal verification can play
an essential role in the design and debugging of arithmetic circuits.

In this paper, we present a mechanized verification of a general SRT division
algorithm that can be used for performing floating-point divisions and an imple-
mentation of it based on the circuit given in [Tay81]. This circuit implements
the IEEE floating-point standard, and its kernel consists of a fixed-point iter-
ation. The verification of this kernel was performed in the interactive theorem
proving system PVS [ORSvH95]. Since our goal was to perform the verification
so that as much of the initial set-up effort can be reused in the verification
of other similar circuits, we took a modular approach that separates concerns
about general facts of the SRT theory from a specific circuit implementation
and a look-up table. Furthermore, we develop clear interfaces between these
parts, so that each of the verifications can be done separately.

More precisely, the formalization and verification of the SRT divider pro-
ceeds in two steps. First, we formalize textbook knowledge about SRT dividers
at an algorithmic level and verify its correctness. The formalization at this
level does not use a specific data path to compute the partial remainder nor a
specific look-up table. It characterizes a set of semantic constraints a look-up
table ought to satisfy and a recurrence relation a partial remainder computa-
tion circuit ought to preserve. In the second step, we specify a data path circuit
(bit-vector signals over time) to compute the partial remainder and define a
specific look-up table, both of which are based on the implementation given
in [Tay81]. We then show that the data path circuit and the look-up table
meet the constraints characterized in step one. Both steps of the verification
are performed for arbitrary, but finite precision, which appears as a parameter
to the specification. The first step of the verification is applicable to arbitrary
radixes, while the second step assumes a radix-4 implementation, since it uses
a look-up table for radix-4.

2 Related Work

Claesen et al. [VCM94] and Leeser and O’Leary [LO95] have used theorem
provers to verify a non-restoring divider and a radix-2 subtractive square root
algorithm, respectively. The circuits verified in both of these efforts are not
based on the SRT method and hence do not contain the kinds of optimizations
used in SRT division. Recently, German and Clarke [Ger95, CG95] performed
a verification of Taylor’s SRT divider circuit considered in this paper by man-
ually deriving a set of inequalities that the circuit imposes on the data path
signals and then showing, in the MAPLE symbolic algebraic system, that two
main SRT correctness invariants are preserved by the data path inequalities.
This work provided the main impetus for our work. Clarke et al. [CGZ96] have



independently mechanized their verification in the ANALYTICA theorem prover.
Our work not only mechanizes all the steps in the verification of the SRT circuit,
but also formalizes the general SRT theory correctness and develops a modular
framework which can be used to verify other similar circuits. While their spec-
ification interprets signals in the circuit as arbitrary real numbers, we interpret
signals as parameterized finite, but arbitrary-length bit-vectors.

Methods based on ordered BDDs and symbolic model checking are not well-
suited for verifying multipliers and dividers since BDD graphs for such opera-
tions grow exponentially with the word size [Bry94]. However, Bryant [Bry95]
has used BDDs to check the relation that one iteration of the SRT circuit must
preserve for the circuit to correctly divide. To do the verification, he needed to
construct a gate-level representation of a checker-circuit (much larger than the
verified circuit) to describe the desired behavior of the verified circuit, which is
not the ideal level of specification.

While Bryant’s BMDs can be used to verify multipliers against their number-
theoretic specification [Bry94], they cannot be used for SRT verification, be-
cause they cannot efficiently check inequalities over bit-vectors. But Clarke and
Zhao [CZ95] have recently extended the symbolic model-checking algorithm used
in SMV to express and verify word-level properties on numbers. They use an
extension of BDDs called hybrid decision diagrams to represent integer func-
tions and check relations on them. The word-level model-checker can be used
to check if finite-sized arithmetic circuits satisfy desired number-theoretic prop-
erties. They have used the word-level model checker to verify Taylor’s SRT
circuit by checking if a state transition model of the circuit satisfied the main
SRT invariants. Both [CZ95] and [CGZ96] are only applicable for fixed-sized
data paths.

3 An Overview of PVS

The PVS system combines an expressive specification language with a produc-
tive, interactive proof checker that has a reasonable amount of theorem proving
capabilities, and has been used for reasoning in domains as diverse as micropro-
cessor verification, protocol verification, and algorithm and architectures con-
cerning fault-tolerance [ORSvH95]. The PVS specification language builds on
classical typed higher-order logic with the usual base types, function type con-
structor, dependent types, and abstract data types. A distinctive feature of PV'S
are predicate subtypes {x:A | P(x)}. These subtypes consist of exactly those
elements a of type A satisfying predicate P(a). Predicate subtypes are used to
explicitly constrain the domain and ranges of operations in a specification and
to define partial functions. In general, type-checking with predicate subtypes is
undecidable, and the type-checker generates type correctness conditions (TCCs)
corresponding to predicate subtypes.



Proofs in PVS are presented in a sequent calculus. The atomic commands
of the PVS prover component include induction, quantifier instantiation, au-
tomatic conditional rewriting, simplification using arithmetic and equality de-
cision procedures and type information, and propositional simplification using
binary decision diagrams. Finally, PVS has an LCF-like strategy language for
combining inference steps into more complicated proof strategies.

4 SRT Division

SRT dividers [McS61, Rob58, Toc58] speed up nonrestoring division and are
widely used in high-speed floating point units. The quotient is represented in
radix-r form and one digit of it is calculated in every iteration. To obtain fast
algorithms SRT division uses a redundant digit set [—a,...,a] for representing
quotient digits. In this way, small errors in one iteration can be corrected in
subsequent iterations. The common choices r = 4 and a = 2 lead to adequate
and efficient circuits, since multiplication by 0, 1, and 2 is easy.

The presentation of fundamental concepts about SRT division in this section
goes hand-in-hand with a guided tour of their corresponding formalizations in
PVS. These general arithmetic facts about SRT division are parameterized with
respect to algorithm-specific details such as the radix and the set of quotient
digits. In Sections 5 and 6 we instantiate these arithmetic facts to verify the
correctness of a specific high-speed radix-4 SRT circuit on the bit-level. Note
also, that we restrict ourselves in this paper to the verification of fixed-point
division kernels of IEEE compliant floating-point division.

Subtractive Division Algorithms: given two normalized fractions p and d
of the form 1.xx ... zxs, the digit recurrence

bo = P
Dity1 = T *(p;— ¢ *d) with the constraint |p;y1/d| <r*p
where p=rx*xa/(r —1)

computes the value of p/d by producing one quotient digit ¢; and a new partial
remainder p;4+1 in each iteration i. The constraint on the partial remainder is
needed to guarantee convergence of the algorithm. The above characteristics
of subtractive division algorithms are formalized in for arbitrary radices
r:upfrom[2] and sets of quotient digits subrange[-a,a] such that a:posnat
and r/2 <= a < r - 1.

[t ]

p_new, p: VAR rational; q: VAR subrange[-a, al; d: VAR posrat

recurrence?(p_new, p, q, d): bool
rho: rational = a / (r - 1)
p_over_d_bound?(d, p): bool = (-r * tho <=p / d & p / d <= r * rho)

(p.new = r x (p - q * d))




Convergence: The function valq(i + 1, q) in computes the radix-r
fixed-point value of the accumulated quotient digits q(0).q(1) ...q(i), and
Theorem convergence states that q(0).q(1)...q(i) is an approximation to
the infinite precision fraction p(0) / d within an error bound.

[2 ]
i, j, k: VAR nat; d: VAR posrat
P : VAR sequence[rationall; q: VAR sequence[subrange[-a, all

val(i, q): RECURSIVE rational =
IF i = O THEN O ELSE q(i - 1) * 1/r"(i - 1) + val(i - 1, q) ENDIF
MEASURE i

lemmal: LEMMA
(FORALL j: recurrence?(p(j + 1), p(j), q(j), d))
IMPLIES p(0) / d - val(i, q) = 1/r"i * (p(i) / 4d)

convergence: THEOREM
((FORALL j: recurrence?(p(j + 1), p(j), q(j), d4)) AND
(FORALL k: p_over_d_bound?(d, p(k))))
IMPLIES LET residue = p(0) / d - val(i + 1, @) IN
-1/r"i * rho <= residue & residue <= 1/r"i * rho

This theorem is an immediate consequence of the invariant lemmal and the given
bound on p(i + 1) / d, and lemmal is proven automatically in PVS with the
general-purpose induction strategy induct-and-simplify and some basic facts
from the library about rational numbers.

Quotient Selection: The hard part in each iteration is to determine a quo-
tient digit q(i) such that the next partial remainder p(i + 1) also satisfies
the boundary constraint p_over_d_bound?. By substituting the recurrence rela-
tion defining the new partial remainder into the bound contraint on the partial
remainder, one can obtain the condition legitimate? that characterizes a se-
lection interval of legitimate choices of quotient digits.

[ 3 ]

q: VAR subrange[-a, al; d: VAR posrat; p: VAR rat
legitimate?(q, d, p): bool = q - rho <= p/d & p/d <= q + rho

lemma2: LEMMA recurrence?(p_new, p, q, d) IMPLIES
(p_over_d_bound?(d, p_new) IFF legitimate?(q, d, p))

Note that the boundaries of this interval depend on the divisor d, and Fig-
ure 1 graphically displays the region for legitimately selecting quotient digits -2



through 2 for the choices r = 4 and a = 2 (thus rho = 2/3). The region for
legitimately selecting q = 1, for example, is bound by the dashed lines 5/3 *
dand 1/3 * d.

For specific interpretations, say r = 4 and a = 2, the combination of de-
cision procedures with rewriting on known facts about real and rational num-
bers (grind :theories "real_props") discharges the proof obligation lemma2
in automatically. In the general case, however, where r and a are uninter-
preted, the proof of this fact involves solving non-linear inequalities, and the
PVS prover needs two interactions to guide the manipulation of these non-
linear inequalities.

Redundancy: Shaded regions in Figure 1 indicate pairs (d, p) for which
selection intervals for the quotient digit q overlap. This redundancy permits
calculating q from truncated versions P:rational and D:posrat of the partial
remainder and divisor respectively.

[ 4 ]

D: VAR posrat; P: VAR ratiomal

P_bound_by_D?7(D, P): bool =
-eps - r * tho * (D + delta) < P & P < r * rho * (D + delta)

lemma3: LEMMA (P <= p & p < P+eps & D <= d & 4 < D + delta AND
p_over_d_bound?(d,p)) IMPLIES P_bound_by_D?(D, P)

Let delta, eps:posrat be two arbitrary positive rational numbers. As-
suming that P and D underestimate p and d, respectively, the constraint
p-over_d_bound? imposed by the algorithm on the partial remainder, imposes
a corresponding bound on P as a function of D. This constraint is defined and
proved (by lemma3) in . Note that if negative numbers are represented in 2’s
complement form, which is what we assume in the circuit we verify later, trun-
cation (after the binary point) always produces a number less than the actual
value.

Inspection of the pd-plot in Figure 1 reveals that the legitimacy of quotient
selection for the marked corners of the shaded rectangles suffices to show the
legitimacy of selecting this quotient digit for all (d, p) pairs in the rectan-
gle. Consequently, the constraint lookup_legitimate? in on lookup tables
guarantees the legitimacy of quotient selection in the following sense.
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Figure 1: pd-plot forr = 4 and a = 2

[5 ]
lookup_legitimate?(q, D, (P: rational | P_bound_by_D?(D, P))): bool =

COND

q=a -> (a - rho) * (D + delta) <= P,

0<q & g<a -> (q - rho) * (D + delta) <= P & (P + eps) <= (q+rho)*D,
q=0 -> -rho * D <= P & (P + eps) <= rho * D,

-a<q & g9<0 -> (q - rho) * D <= P & (P + eps) <= (q + rho) *(D+delta),
q=-a -> (P + eps) <= (-a + rho) * (D + delta)
ENDCOND

lemma4: LEMMA
(P<=p&p<P+eps ANDD<=d & d < D + delta AND
p_over_d_bound?(d, p) AND lookup_legitimate?(q, D, P))
IMPLIES legitimate?(q, d, p)

Again, combination of the PVS decision procedures with facts from the library
about rational numbers proves lemma4 automatically whenever r and a are
instantiated with specific values; otherwise manual guidance is needed to deal
with non-linear equalities and inequalities.

Quotient Prediction: a significant reduction of the overall cycle time is ob-
tained by computing the next partial remainder p(i + 1) and predicting a next
quotient digit q(i + 1) in parallel. In this case, the approximation P (i) used
in iteration ¢, (under)estimates the next partial remainder p(i + 1). Note that
P(i) can be computed faster than p(i + 1), since most of the time taken to
compute p(i + 1) is a full-precision addition, and the computation of P (i)
only involves a limited-precision adder.

It is a simple matter of combining the results in ,, to prove the
following invariant for SRT dividers with quotient prediction.



6
invariant: THEOREM L____
(p_over_d_bound?(d, p(0))) AND (legitimate?(q(0), d, p(0))) AND
(FORALL j: recurrence?(p(j + 1), p(j), q(j), d) AND
P(j) <= p(j+1) & p(j+1) < P(j)+eps & D <= d & d < D+delta AND
(P_bound_by_D?(D,P(j)) IMPLIES lookup_legitimate?(q(j+1),D,P(j))))
IMPLIES
(p_over_d_bound?(d, p(i)) AND legitimate?(q(i), d, p(i)))

This theorem is proven by induction on i, and the non-trivial part of the in-
duction step involves the chain of implications

legitimate?(q(i), d, p(i))

remainder bound?(d, p(i + 1))
estimation_bound?(D, P(i))
lookup_legitimate?(q(D, P(i)), D, P(1))
legitimate?(q(i + 1), d, p(i + 1))

R

Altogether, to prove the correctness of a specific SRT divider circuit it suffices
to show that 1) the arithmetic interpretations of the computed sequences of par-
tial remainders and quotient digits satisfy the recurrence relation recurrence?,
2) there are constants delta and eps such that the divisor and the partial re-
mainders are bound by under-estimators in the sense described above, and 3)
the quotient selection logic satisfies the lookup_legitimate? predicate. When-
ever these conditions hold, theorem invariant in @, and consequently theorem
convergence in , is applicable.

5 Modeling The Data Path

Now, the data path of an SRT division circuit withr = 4and a = 2 as described
by Taylor [Tay81] is specified and proven to be correct by applying the general
SRT theory developed in Section 4.

The signals of the circuit in Figure 2 are declared as uninterpreted con-
stants of signals of bit-vectors of various fixed lengths, and the uninterpreted
constant N:posnat, where N > 8, determines the width of the data paths for
the divisor and the partial remainders; examples of signal declarations and their
interpretation functions are listed in [ 7].

[ 7]

d: signallbvec[N1]; d(i): rational
P: signallbvec[7] ; P(i): rational

fpl1,N-1].val(d(i))
fp2c[4, 3].val(P(i))

The divisor signal d has a fixed-point interpretation with 1 leading and N-1 resid-
ual bits, and the estimation P of the next partial remainder has a 2-complement



dalu N\ _____ .
I
X
galu N |
A7 [E N (R
galual g 5 galub |
| — - _____J
i
1
;p; | ; 4 aa ]
I I
. i |
¥ <] T i
I I
- I
. 1 d
a | esmen : ; L a ]
,,,,, I
”” q digit TS
y

Figure 2: The data path for the division circuit.

fixed-point interpretation with 4 leading bits and 3 residual bits. Note also that
overloading the name of the bit-vector signal with its arithmetic interpretation
mimics a specification style often found in textbooks about computer arithmetic.

The inputs to the quotient selection unit q are the three bit truncation of
the divisor d and the seven bit approximation P of the next partial remainder.

L8 ]
lookup((D: bvec[3]),
(P: bvec[7] | P_bound_by_D?(1+fp[0,3].val(D),fp2c[4,3].val(P))))
:{ q: subrange(-2, 2) |
lookup_legitimate?(q, 1 + £p[0,3].val(D), fp2c[4, 3].val(P)) }

Here, predicate subtypes serve as a specification of a set of quotient look-up
tables by means of domain and range constraints, and a specific implementation
of these constraints is proven correct in Section 6. Finally, the behavior of the
circuit is specified by the equalities and inequalities in Appendix A.

From these formalizations, the grind strategy proves the lemmas in @ about
Taylor’s division circuit in Figure 2.

[ o]
taylor_lemmal: LEMMA recurrence?(p(t + 1), p(t), q(t), d(t))
taylor_lemma2: LEMMA galu(t) <= dalu(t) & dalu(t) < galu(t) + 2 *ulp(6)
taylor_lemma3: LEMMA P(t) <= p(t + 1) & p(t + 1) < P(t) + 3/16

Together with the axiom d_bound by.D in Appendix A this accomplishes Step 2
with delta = 1/8 and eps = 3/16 mentioned in Section 4. Now it is a simple
matter of instantiating the theorem invariant in @ and convergence in
to obtain the invariant results in for this specific circuit.



taylor_invariant: LEMMA
p_over_d_bound?(d(0), p(i)) AND legitimate?(q(i), d(0), p(i))

taylor_convergence: THEOREM
LET residue = p(0) / d(0) - val(i + 1, q@) IN
-2/ (3 % 47i) <= residue & residue <= 2 / (3 * 471i)

6 The Look-Up Table

The legitimacy constraint lookup_legitimate? (see [8]) on quotient look-up
tables permits different implementations, and Taylor [Tay81] develops a par-
ticularly compact one. This table computes the next quotient digit from the
truncation D:bvec[3] of the divisor to the three leading bits and the estima-
tion P:bvec[7] of the next partial remainder. Bits 6 down to 2 of P are used
as a table index and the remaining bits are used in some cases to compute the
resulting value.

The formalization of the resulting table in Appendix B uses the TABLE con-
struct of the PVS specification language [ORS95]. This construct was added
to the PVS specification language in order to provide visually appealing two-
dimensional tabular specifications in the manner advocated by Parnas and oth-
ers [Par95]. It proved adequate to express the look-up table of this SRT circuit
in a concise and perspicuous way. In particular, blank entries in the look-up
table in Appendix B cause the type-checker to generate TCCs which ensure that
viable arguments D, P never point to such a blank entry. Furthermore, the table
construct requires that the look-up is functional and ensures this by generating
disjointness and coverage TCCs. From the fact

11
(FORALL (D, (P: bvec[7] | estimation_bound?(valD(D), valP(P)))):
lookup_legitimate?(q(D, P), valD(D), valP(P)))

one concludes that the given table q indeed satisfies the constraint given for
look-up tables in Section 5. A simple case split on the different values of D and
P followed by unfolding definitions, term rewriting, and calls to the decision pro-
cedures proves the theorem in . The type correctness conditions generated
by the type-checker for the look-up table in Appendix B are proven with similar
strategies.

In the course of proving the consistency of the look-up table in Ap-
pendix B, PVS has proven helpful as a debugging tool and came up with precise
counterezamples. By injecting, for example, a wrong value 0 at a certain po-

IEven though the original design of Taylor’s look-up table in [Tay81] proved to be correct,
we still managed to accidentally inject errors in the initial PVS transcriptions.

10



sition in the look-up table in Appendix B and rerunning the proof above, the
PVS system returns with the following subgoal it could not solve.?

P!'1(6) = 1, P!1(5) =1, P!'1(4) = 0, P!'1(3) =0, P!1(2) =0 12
estimation_bound?(...)
D!'1(2) = 0, D!1(1) =1, D!1(0) =0

lookup_legitimate?(...)

This unsolved subgoal provides the counterexample immediately and points to
the altered table entry D = 010 and P = 11000. Note that the 5 missing entries
in the look-up table of initial releases of the Pentium floating-point unit were
also right at the upper boundary of the legitimate selection region for q = 2 as
depicted in Figure 1 by the blank rectangles.

7 Summary and Conclusions

We have shown how PVS can be used to specify and prove correctness of a non-
trivial SRT division algorithm and its hardware implementation in a modular
way.

This modular approach not only structures the specifications and the proof
in a nice way but also has the advantage that slight variations of this particular
circuit design and look-up table can be verified by just redoing one part of the
proof. Moreover, parts of the theory can be reused for verifying similar division,
and perhaps even square-root, circuits.

This verification exercise demonstrates the value of efficient decision proce-
dures and the use of an expressive specification language in mechanized verifi-
cation. The concepts of predicate subtypes, overloading, and tables of the PV'S
specification language proved to be very useful for expressing the high-level de-
signs of this arithmetic circuit in a concise and natural way. Such high-level
descriptions not only minimize the pitfalls of introducing errors in initial design
specification but also open the door to using these specifications as design doc-
uments. Moreover, the tight integration of decision procedures with rewriting
strategies of PVS proved to be a useful workhorse, since the circuit specific
theorems and the correctness of the table implementation are proven in a fairly
automatic way. In most proof obligations that involve non-linear equalities,
however, the PVS prover must be manually guided to construct the proofs.

This case study also suggests some improvements to the implementation of
PVS. The correctness proof of the table implementation in Section 6 takes 3
hours. This is unreasonably slow, since the proof basically involves small case
analysis followed by the evaluation of ground predicates. The incorporation of

2This subgoal is slightly edited for purposes of presentation.

11



an efficient notion of evaluation into the proving process could drastically reduce
the time for doing this and many other hardware-related proofs.

In the future we plan to extend this case study to the verification of related
circuits and operations, such as square root, and investigate other concepts like
IEEE compliant rounding [Min95].
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A Specification of the Data Path

ulp(m:nat) = expt(2,-m) % unit of least precision
qd_eqn : AXIOM qd(i) = q_digit(i) * d(i)
p_eqn : AXIOM p(i + 1) = 4 * dalu(i)
dalu_eqn : AXIOM dalu(i) = IF sign(i) = 1 THEN p(i) - qd(i)
ELSE p(i)+qd(i) ENDIF
galu_eqn : AXIOM galu(i) = IF sign(i)=1 THEN galua(i)-galub(i)+ulp(6)

ELSE galua(i) + galub(i) ENDIF
galua_ineq : AXIOM galua(i) <= p(i) & p(i) < galua(i) + ulp(6)
galub_ineq : AXIOM galub(i) <= qd(i) & qd(i) < galub(i) + ulp(6)
galu_ineq : AXIOM P(i) <= 4xgalu(i) & 4*galu(i) <= P(i)+ulp(3)-ulp(4)
d_bound_by_D: AXIOM D(i) <= d(i) & d(i) < D(i) + 1/8

B Implementation of the Lookup Table

q(, (P | P_bound_by_D?(...,...))): subrange(-2,2) =
LET a= -(2-P(1)*P(0)), b= -(2-P(1)), c= 1+P(1), d= -(1-P(1)), e= P(1)
IN TABLE bv2pattern(P~(6,2), bv2pattern(D)
|[ ooo| oo1| o010| o11| 100| 101| 110] 111]]|

|01010]
101001 |
101000
[00111]
[00110]
[00101] 2
[00100| 2
[00011] 2
[oo010] 1
[00001] 1
[00000] O
[11111] ©
[11110] -1
[11101] -1
[11100] a
[11011] -2
[11010] -2
[11001]| -2
[11000]|

[10111]

[10110]

[10101]

QO FFr F, 0O NNMDDN
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