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Abstract— The quotient digit selection in the SRT division
algorithm is based on a few most significant bits of the remainder
and divisor, where the remainder is usually represented in a
redundant representation. The number of leading bits needed
depends on the quotient radix and digit set, and is usually found
by an extensive search, to assure that the next quotient digit can
be chosen as valid for all points (remainder,divisor) in a set defined
by the truncated remainder and divisor, i.e., an “uncertainty
rectangle”.

This paper presents expressions for the number of bits needed
from the truncated remainder and divisor (the truncation pa-
rameters), thus eliminating the need for a search through the
truncation parameter space for validation.

The analysis is then extended to the digit selection in SRT
square root algorithms, where it is shown that, in general, it
may be necessary to increase the number of leading bits needed
for digit determination in a combined divide and square root
algorithm. An easy condition to check the number of bits needed
is established, also checking the number of initial digits of the
root may have to be found by other means, e.g., by table look-up.

The minimally redundant, radix-4 combined divide and square
root algorithm is finally analyzed, and it is shown that in this case
it can be implemented without such a special table to determine
initial digits for the square root.

Index Terms— Digit selection, division, square root

. INTRODUCTION

HE SRT class of division agorithms is characterized

by the use of redundant representations for the quo-
tient, and most often as well for the remainder. Since the
invention in the late fifties simultaneously by D. Sweeney,
J.E. Robertson [2] and K.D. Tocher [3], and the introduction
of the use of redundant representations for the remainders by
D.E. Atkins [4], these methods have been extensively studied
and implemented in processors. The famous “ Pentium™ bug”,
where certain anomalies in the behavior of the floating point
divide instruction were discovered, turned out to be caused
by a few incorrect entries in the table employed by the
quotient digit determination algorithm used for the radix 4
SRT implementation [5].

Due to the redundancy in the quotient digit set, there are
overlaps between digit selection regions in the Robertson
diagram, allowing a choice between two digit values. Hence
even if the information on the remainder and divisor is
incomplete (representing an uncertainty interval), it may be
possible to choose one of the aternative quotient digit values.
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By alowing such a relaxed quotient digit determination, it is
possible to base the quotient digit selection on leading digits of
the divisor and of the remainder in a redundant representation.
The determination of the truncation parameters, i.e., how many
digits of the remainder and divisor will be needed, has been
extensively studied since the paper by Atkins, e.g., in [6], [7],
[8], [9], [10] to list a few. These al use extensive searches to
check the validity of a given set of parameters, recently [11]
reduced the search to four pairs of truncation parameters. To
cite [10] “It is not possible to determine the optimal choices of
¢ and f analytically, as several factors are involved in making
these choices.” (§ and f here being the number of fractional
digits needed in the truncated divisor resp. remainder.) It is,
however, well-known that there is a simple lower bound on §,
[12] has a lower bound on f, and [11] has upper bounds on
0 and f.

It is shown here, that given a vaue of ¢ satisfying the
bound mentioned above, it is indeed possible to determine
analytically the other parameter f, such that a valid quotient
digit selection function can be specified, eliminating the need
for checking by search.

The analysis is then repeated for the SRT square root algo-
rithm, where it is shown that in genera it may be necessary
to increase the number of bits needed for digit selection,
compared to the equivalent parameters for division. It is aso
shown how to determine the number of initial digits that may
have to be determined by other means. A combined divide
and square root algorithm is developed, sharing digit selection
intervals. For the radix 4 case it is shown that thereisa simple
way to determine the single needed initia digit, thus avoiding
a specid table for this purpose, along the lines also found in
[13], however redlized differently.

Section Il introduces the fundamentals of SRT division and
the notation, together with certain bounds used in the quotient
digit selection. Section 11 then develops the theory leading
to the determination of the truncation parameters, and thus
the specification of the quotient digit selection function. A
few examples then illustrate the results. The anaysis is then
in Section 1V repeated for square root, concluding how to
determine the truncation parameters for a combined divide and
square root agorithm, and the number of initial digits that
may have to be determined by other means for the sguare
root determination. To complete the picture, the special case of
minimally redundant radix 4 is analyzed, determining selection
constants for the combined algorithm, including the possibility
in this case aso to determine the leading digit for the square
root, avoiding a special table to initialize the algorithmin this
case. Finally Section V concludes with some comments on



the extensibility of the results to more complicated truncation
procedures.

Il. FUNDAMENTALS OF SRT DIVISION

SRT is not really a specific kind of division, rather it is a
class of division methods, characterized by the following:
« The divisor is normalized.

o A redundant symmetric quotient digit set is used.
« Quotient digits selected by a few leading digits of re-

mainder and divisor.
o The remainders may be in a redundant representation.
Let 5 be the quotient radix and D = {—a,---,0,---,a}
the quotient digit set with 3/2 < a < 8 — 1, and define the
redundancy factor
_ a
p= 5_1
where p = 1 corresponds to a maximally redundant digit set.
Let = be the dividend and y the positive divisor, r; the
remainder (with ro = z) and d; the digit selected in the ith
step. The purpose of the digit selection function, o(r;,y), is
to select the next quotient digit d;;1, while keeping the new
remainder r;y; = fr; — d;+1y bounded, say with bounds B
and B,

with 1 <p<1 (1)

B <ri;1 <B. 2

Let the selection interval [L4,Uy] be the interva for gr;,
BB < Br; < BB, for which it is possible to chose d; 4, = d
while keeping the updated remainder r ;. = Sr; —dy bounded
by (2),i.e, for Lqy < Br; < Uy

B<riy1=pri—dy<B

must hold, corresponding to the Robertson diagram in Fig. 1.
From the diagram it is seen that

Li=dy+B ad Uy;=dy+B, €©)

in particular (3) must hold for d;11 = *a, the extremal digit
values, hence

L_,=-ay+B and U, =ay+B.

But as seen from Fig. 1, B = L_, and 3B = U,, hence it
follows that
B=—py and B=py

and from (3) we find
Ly=(d—p)y and Ug=(d+p)y. 4

To assure that at least one digit value can be chosen for any
r;, every value of gr; must fal in at least one digit selection
interval, i.e., it is necessary that

Ud*l Z Ld,

hence by (4) we must require that (d — 1 + p)y > (d — p)y,
orp > % which is always satisfied since a > (/2. Actualy
by (1) recalling that we require y > 0

Uj1—Lg= (2p - 1)y >0, (5)

thus consecutive selection intervals overlap, such that there are
values of r; for which in general there is a choice between
two digit values (and possibly three for p = 1).

In summary, provided that —py < r; < py, then the
selection function can deliver at least one digit value d ;41 such
that the new remainder satisfies —py < r;+1 < py. However,
for i = 0, the dividend is used as the first remainder, ro = z,
thus we must require that = and/or y are normalized such that
—py <z <py,or —p< % < p. Any scaling applied for this
normalization must then be used to correct the final quotient
remainder pair.

Observation 1: With quotient radix 5 > 2, quotient digit
set {—a,---,0,---,a}, and p = %5, there exists a digit
selection function o(r;,y) that delivers a next quotient digit
d;+1 such that the next remainder

riy1 = fBri —dipy for i=0,1,---

satisfies

—py < Tiy1 < py,
provided that the dividend z, equal to the initial remainder r ¢,
and divisor y > 0 are normalized such that —p < % < p.

To simplify the analysis of the digit selection, we are as-
suming that y > 0. We will also assume that the digit selection
and remainder updating takes place in binary arithmetic, and
implicitly also that the quotient radix 5 is of theform g = 2™
for some m > 1.

I11. QUOTIENT DIGIT SELECTION

Due to the overlap Uy—1 — Lg = (2p — 1)y > 0 it is not
necessary to know the exact value of the remainder r; to be
able to select a correct next digit d;;+1. The digit selection
intervals are conveniently illustrated in a P-D diagram or
Taylor diagramasin Fig. 2, showing the intervals as functions
of the divisor y, assumed normalized £ < y < 1, and the
shifted remainder gr;.
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Fig. 2. P-D diagram for digit selection with normalized divisor.

For any given fixed value of the divisor y, it is now
possible to choose partition points, S4(y), in the selection in-
tervals [L4(y), Ua(y)], or rather in the stricter overlap intervals
Sa(y) € [La(y),Uq—1(y)], such that the selection function
o(ri,y) returning d; 1 is defined by

pri > 0: Sa(y) < Bri < Say1(y) = diy1 =d.
67‘2' <0: —Sd+1(y) < 61“@' < —Sd(y) = di+1 = —d,

using the symmetry around the y-axis, alowing us to restrict
the analysis to d > 0, assuming that the remainder r; >
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Fig. 1. Robertson diagram for SRT division

0 without loss of generdlity, as there is a simple way of
mapping negative remainders (and divisors) into their positive
equivalents [1], adjusting the sign of the digit appropriately.
To simplify the following discussion, we shall often assume
that y is fixed and drop the argument y in the notation of
selection intervals [L4(y), Uq(y)] and partition points Sy (y).
However, these can be pictured as functions of y asin Fig. 3.

Ly SaUg—1

N

Bri

Fig. 3. Sy(y) asafunction of y

Due to the overlap between selection intervals, the partition
points can be chosen such that it is sufficient to check a few of
the leading digits of the (possibly redundant) value of Sr ;. Let
pr; denote a truncated value of fr;, and ulp(fr;) denote the
unit in the last place of the truncated value, say ulp(fAr;)
2~t. Define the truncation error, €,., by

Bri:@i_'_gr

then for various binary representations of r; we have:

o~

2's complement: 0 < & <ulp(Bry)
2's compl. carry-save: 0 < &, < 2ulp(Br;)
borrow-save?: —ulp(Br;) < e, <ulp(Br;)

as illustrated below, where 7 is the number of integer bits,
which we shall not be concerned with here.

Bri |

€ |

Truncation
Y

Br; .
IL%
It is essential to note that truncation of the remainder for
digit selection is assumed to take place on the redundant

20ften also denoted signed-digit

representation, before conversion into non-redundant repre-
sentation. Thus it is not necessary to convert the full-length
remainder.

Similarly, considering only a few leading digits of the
divisor, let y denote the truncated value of y with ulp(y) =
27 for 4 > 1, and truncation error ¢ defined by y = y + 9,

where 0 < 6 < ulp(¥) for y in 2's complement. The function

Y
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Fig. 4. S4(y) as afunction of truncated divisor y

Sq(y) now becomes a step function, delimiting rectangles
within which a particular quotient digit can be chosen, as
pictured in Fig. 4. We shall assume that S,(y) is chosen as
far to the left as possible.

The step function S4(y) is now determined by a set of
constants S, (), corresponding to the various truncated values
y. These constants are assumed specified to the same accuracy
as fr; (i.e, ulp(fr;) = 277). For fixed § = k27, where
ulp(y) =27, Sq(y) can then be written as an integer multiple
54,127 of ulp(Br;) =271,

The dotted rectangle in Fig. 4 located with lower |eft-hand
corner a (S4(9),v), for y in non-redundant 2's complement
and pr; redundant carry-save 2's complement, shows the set
of points (fr;,y) satisfying

Sa(y) < Bri < Sa(y) + 2ulp(Br;) andy <y <y + ulp(y)
(6)
where the point (§d(g7),§) and the truncations have to be
chosen such that the next quotient digit d;;; = d can be
selected for any point in the rectangle (6).

For the shifted remainder 5r; in borrow-save, §d(§) would
just have to be chosen as the midpoint of the lower edge, but
for the following analysis we will assume that the represen-
tation is carry-save, with the rectangle shown fully drawn to
more detail in Fig. 5, where the modifications for borrow-save
are trivial.



Fig. 5. Overlapping uncertainty rectangles

Using (4) for d > 0 the rectangle has to be to the right of
the line Ly(y) = (d — p)y, yielding the following condition
on the upper left-hand corner:

La(f + ulp(@)) = (d = p)(@ +ulp(@)) < Sa().  (7)

These rectangles are overlapping, since they are of width
2ulp(fr;), but are positioned at a horizontal spacing of
ulp(Br;). Since S4(y) is chosen as small as possible, for any
point in the (dotted) rectangle overlapping from the left, the
digit value d — 1 must be chosen. Thus the midpoint of the
bottom edge must be to the left of the line U1 (y), yielding
this additional condition:

Sa@) +ulp(Br;) < Uy (i) = (d—1+p)j.  (®

But the lower right-most corner must also be to the left of
the line Uy(y), hence we must aso require

S4(5) + 2ulp(Br;) < Ua(§) = (d + p)7. ©)

It is easy to see that for ¢ > 1 (which we shall see later is
always the case), the upper bound on S,(y) obtained from (8)
is smaller than or equal to the bound found from (9). Thus
combining conditions (6) and (8) to determine the size and
position of the rectangles we must require

(d—p)(G+ulp(®)) < Sa(§) < (d—1+ p)j—ulp(Br;). (10)

But S4(7) has to be an integer multiple of ulp(@i) =271
hence defining S4(y) = sq4,,27" we must require:

[20%(d - p)(k+1)] =sap < |2°7d -1+ p)k — 1]
(11)
for d > 0, using ulp(y) = 2~ and defining y = k2%, for
integer k, 27! <k < 2%

Recall that we required r; > 0 and thus it should also be
possible to choose d = 0, but obviously then Sy(y) = 0 for
al g, or so = 0 for al k, 2¢=! < k < 2“. Note that the
right-most bounds on the uncertainty rectangles for d = 0 are
implicitly chosen by the choice of S;(y) for d = 1.

Without restrictions on ¢, u and p, there is only the integer
term —1 which can be moved in and out of the floor and
ceiling functions, but reorganizing terms then condition (11)
for d > 0 can be written as:

[27%(d — p)k + 2" (d — p) + 1]

< [27%(d — )k + 27 (2p — D)k (12)

where the ceiling and floor expressions are linear functions of
k:

[Ak + B] < [(A+ O)k], (13)

with A >0, B >1andC > 0 ford > 1. Clearly it is
necessary that C'k > B for this condition to be satisfied, but
it is easily seen that Ck — B > 1 is a sufficient condition,
since then there is at least one integer between the ceiling and
floor expressions. Hence if the condition

27U ((2p — Dk — (d—p)) 2 2,

holds for the minimal value k = 2%~ and the maximal value
d = a, then this is sufficient for (12) to hold.
Thus the stronger condition derived from Ck — B > 1

278 <((p—3) —(a—p)27") /2

may be used to find values of ¢, 27t = ulp(g;i) andu, 27% =
ulp(y), for which (12) is satisfied for al d € {1,---,a} and
al k such that 2v~* < k <2*—1,ie, 3 <7 < 1 Note,
however, that the solutions to (14) need not be optimal in the
sense that ¢ is minimal, since it might be sufficient to require
Ck > B, i.e., only require
270 <((p—35) —(@a=p27"),
which would allow a solution for ¢ which is one smaller
than the solution to (14). We shall below return to the choice
between the two conditions.
Obvioudly, the right-hand side of both (14) and (15) must

be strictly positive for solutions to exist for ¢, hence we want
a u satisfying

(14)

(15

o~

gu P73
a—p
provided that a > p, or 5 > 2, since 8 = 2 is the only case
where p = a(= 1). As seen in Example 3 below, the case
B = 2 can be handled separately. Hence (16) is a sufficient
condition on u for al 8 > 2, d € {1,---,a} and al k such
that 2v—1 < | < 2% — 1.
Returning to (13) and the choice between (14) and (15) to
determine a minimal value of ¢, we need the following lemma:
Lemma 2. Given constants A > 0, C' > 0, then there exists
integers ko < ky such that the inequality

[Ak + B] < [(A + O)k|

(16)

(17)

holds for al k& > kg, provided that:

i) [Ak+B]l=|(A+C)k] forke <k<k —1,
andii) [Aki+B] < [(A+C)k1].

Proof: Define A(z) = |[(A+ C)z| — [Ax + B]. Since
Alz) < (A+ )z — (Az + B) = Cz — B and A(z) is
integral, it follows that A(z) < |Cz — B]. If on the other
hand |Cxz — B] = n then A(z) > n — 1 (there are at least

n — 1 integers between Az + B and (A + C)x), thus
|Cz—B| —1<A(z) < |Cx — B|. (18)

Hence A(z) -1 < |Czx—B|-1< |[Cy—B] —1< A(y)
for y > z, thus:
y>z = Aly) > Adz) - 1. (19)

A(z) may not aways increase with z as shown in the
following figure



[A(k+1)+B] y=(A+C)xz
//y = Az + B
[Ak+B]=|(A+C)k| [(A+C)(k+1})]
=k z=k+1 T=k+2

where A(k) =0, but A(k+1) = A(k+2) = —1.

Since C' > 0, by (18) there exists a minimal ko such that
A(k) > 0 for k > ko until eventually there is a minimal
k1 > ko such that A(k,) > 1. By (19) the lemma then has
been proven. O

We can now combine the previous discussion with the
lemma, into the following result:

Theorem 3: (SRT digit selection constants)

For radix 8 SRT division for g > 2 with digit set D =
{-a,--+,a} and p = 3%, the selection constants Sq(y) =
$q,x27" can be determined for 1 < d < a and y = k - ulp(y)
as

sap = [27%d = p)(k+1)]
for k = 2u=1 ... 2u —

ulp(Sa() = ulp(Br;)
u has to satisfy

1, using truncation parameters
27t and ulp(y) = 27%, where

P—3

a—p
To determine ¢ for given u, let ¢ty be the smallest ¢ satisfying

27 <(p—3)—(a—p)27Y,

27" <

and let
Alu,t, k) = [27"(a — L+ p)k — 1|—[2""“(a — p)(k + 1)]

then
to if A(u,tp,2v7 1) > 1
;= to ifA(U,to,k‘):O, fork:Q“_l,---,kl—l,
- and A(u,to, k1) > 1
to+1 otherwise.
Proof: The expression for sq; is from (11), and the

condition on « from (16) was shown to be sufficient for d > 0,
by using maxd = a, and min k = 2%~ 1, for all values of ¢.

Rewriting (11) we found that v and ¢ must satisfy the
condition

[Ak + B] < [(A+ C)k], (20)

or equivalently A(u,t,k) > 0, ford = a andfor all k, 247! <
k < 2%, where

A = 27%d~-p)>0
B = 2"%d-p)+1
cC = 2"%(2p—1)>0.

Using Lemma 2 the two first choices for ¢ imply that (11)
holds for all k& > ko = 2*~1. As we saw before, Ck — B > 0
for al d, 1 < d < a trandates into the condition

2710 <(p—3)—(a—p)27"

If the conditions for the first two choices for ¢ fail, then the
stronger condition

27t <((p-3)—(a—p)27") /2,

corresponding to ¢t = to + 1, implies that Ck — B > 1 for
k =ky = 2! and d = a, and again by the lemma this
implies that condition (11) holds for al k& > k¢, and then aso
fordl d,1<d<a. O

Example 1 (Minimally redundant radix 4 SRT)

Let 3 = 4 with minimally redundant digit set D =
{-2,-1,0,1,2}, hence a = 2 and p = %, and from (16)
we derive u > 4. Choosing © = 4 by Theorem 3, ¢t = t( has
to be the smallest solution to

27t —(a—p)27"
H-(2-2%)2+
1

o= N
wiv D

=
m|"‘ ol NI
A

=
(V)

hence to = 4. For k = 2*~! = 8,9,10, A(4,4,k) = 0 but
A(4,4,11) = 1. Thus by the second choicefor ¢ in Theorem 3,
t = to = 4. Hence we can compute the values of the constants
S(y) = sa 27t ford > 0 as

sap = [270(d = p)(k+ 1] = [(@ = )k + D],

resulting in the following table of comparison constants

k=16y | 8 | 9 |10 |11|12|13 |14 |15

165, | 3|4 |4|4|5]|5|5/|6
168, |12]14 15|16 |18 |19 20 |22

Utilizing the definitions (4) of the functions L 4(y) and Uqa(y)
we have

d= | =2 -1] 0 | 1|2
La(y) | By | v | Fv | 3y | 3y
Uay) | 5ty | Sy | 2y | Sy |3y

which together with the table of §d yields the P-D diagram
for the first quadrant in Fig. 6. In practice the left part of
the diagram (for Sr; < 0) is not needed, when utilizing
symmetries in the uncertainty rectangles.

~

Y ~ ~
41 LS Uo L>S, Ux

N =

- Br;

Fig. 6. P-D diagram for minimally redundant radix 4 SRT



Example 2 Continuing the previous example, if instead of
choosing the minimal « = 4 the value u = 5 is chosen, we
find

2—t

<
=
%

having the minimal solution ¢t = to = 3. However, for k =
2u—t =16 we find for A(u,to, k)

A(5,3,16) = [272.2.16-1| - [272.1.17]
= [¥)-T4]
= 5-6 = -1,

thus by Theorem 3 it is necessary to increase t = tg + 1 = 4,
hence (u, t) = (5,4) is also avalid pair of truncation parame-
ters, but obviously not as good as (4,4) found in the previous
example. As a check we find A(5,4,16) = [2] — [21] =
12-12=0and A(5,4,17) = | 2] - [2£] =13 -12=1.
]

Example 3 (Radix 2 SRT)

For 5 = 2 and digit set {—1,0,1} the condition on « in
Theorem 3 cannot be used since a = p = 1. However, for
w=t=1andk = 1, corresponding to 2*~! =1 =k <
2" =2, it is easily seen that (11) is satisfied for d = 1.

Thus only one hit of the fraction part of y is needed for 7,
and this bit is aways 1 since % <y < 1, implying that the
quotient selection is independent of y. Note that ulp( B/\ri) =
271 = % From (4) the lower and upper bounds are then found
to be

d= | -11]0
Ly(y) | 2y |-y | O
Udly) | 0 | vy |2

and it now easy to see that S, = -1 and S, = 0, since the

uncertainty rectangle has height % and width 1. The resulting

full P-D diagram is shown in Fig. 7. O
i
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Fig. 7. P-D diagram for radix 2 SRT with redundant remainder

IV. SRT SQUARE RoOT

The SRT square root algorithm assumes the radicand is
normalized in a “relaxed” way, since preferably the scaling
factor applied for normalization should be an even power
of the radix, used in the representation of the radicand «,
and in the arithmetic. Normally this will mean that a binary
representation and arithmetic is used, and that the radix used

for representing the quotient is of the form g = 2™. We will
initially assume that normalization is to the interval 1 <z <
1.

Let = be the normalized radicand and (q;,r;) the
root,remainder pair such that z = ¢? + r;. The purpose of
the digit selection function is to select the next root digit
d = d;1+1, while keeping the new remainder r;41 = fr; —
(2¢; +dB~*"1)d bounded. Let the remainder bounds as before
be B, and B;, such that

B,<r;<Bj, (21)

where we shall see that the bounds here turn out to depend
on the iteration index i.

Let [L4(7), Uq(i)] be the selection interval of gr; for which
we can select the digit d;4+1 = d, while keeping the scaled
remainder ;11 bounded:

pri € [La(i),Ua(i)]
U
By < ripn = Bri— (¢ +df7"")d < B,

and update the root by q; 4, = ¢; +d; 118~ Hence we have

the bounds
Ld(l) = Bi—i—l + 2q;d + dzﬂiiil

< Bri < Biy1 +2qid + d*B7 1 = Uyi).

(22)

With d = a, the maximal digit value, we have for fSr;
maximal, 8r; = BB;

Biv1=8B; — (2¢;i +aB~"a (23)

whose solution is B; = 2pgq; + p>3~*, which can be checked

by insertion. Similarly the following expression for B ; can be

found, such that the remainder r; for all i must satisfy
B, = —2pqi + p°B " <ri <2pgi + p°B ' = B,

To find the overlap between selection intervals we have
using (22) that

(24)

Ld(Z) = EiJrl + 2qld+ dZﬂiiil '
= 2¢i(d—p)+ (d—/))?ﬁ_’_l
Ud(Z) = Bi—i—l + qud + dzﬂizil

= 2¢i(d+p)+ (d+ p)2B~1,

where it is necessary for the digit selection that each value
of Br; falsin at least one selection interval, i.e., Ug—1 (i) >
Ly(7), or

Uag—1(i) — Lq(i)
= (2p—1) (2qi + (24— 1)) > 0.
Note that this inequality not only depends on d as in
division, but also on the iteration index ¢ = 1,2,---. Since
2p—1>0, for (25) to hold for dl d € {—a,---,a}, i.e, for
ald>—a=—p(B—1), and since
1-2d < 1+42p(8—1) =2p8 — (2p — 1) < 298,

in order to assure an overlap of selection intervalsit is required
that

(25)

0> pB



Since |v/z — ¢;| < pulp(q;) = pf~"and § <z <1
this condition will be satisfied for all i > i’ for some i’ > 1.
Since p < 1 it is sufficient to require ¢; > 5%, in particular
it is possible to use qo = dyp = 1 as the initia value. This
is necessary whenever p < 1, since the maximally obtainable
value of ¢, = Y"1 d; 37" without a 3° term is

a _
g—1- "

n
0 <Y ap i<
1

For maximally redundant digit sets where p =
feasible to start with dy = 0 and d; =

@ >3 >0

1, it |
[g] yielding I1 S

A. Combining SRT Sguare Root with Division

Looking for a square root algorithm as close as possible to
division, we want the selection intervals [L4(i), Uq—1(i)] =
[Li(24:), U (2g;)] to be independent of i, and as functions
of 2¢; to coincide with the bounds for division as functions
of the divisor y, at least for 7 > i’ for some i’ > 1. Since the
bounds for root extraction are

Uéq(?qi) 2¢;(d—1+p)+(d—1+ p)25—(i+1)
LY(2q;) = 2qi(d—p)+(d— p)QB_("H), (26)

where the second term in U} _, (2¢;) is non-negative and small
for large 4, this term may be discarded, thus yielding the
smaller upper bound

Uj_1(2¢;) = 2¢;(d — 1 + p),

which is now identical to the upper bound U,—1(y) = y(d —
1+ p) for division, when y is substituted by 2g;.

However, where the range of the divisor y is the interval
[%; 1), this is unfortunately not identical to the range of 2¢; ~
2\/z € [1;2), using the previously assumed normalization of
theradicand z € [%; 1). But changing the normalization of the
radicand = such that = € [{5; 1), implies 2¢; ~ 2/ € [3; 1),
now coinciding with the interval of the divisor y.

Below we shall see how to determine an index i’ such that
an overlap of selection intervals is assured for all ¢ > i'.
Recalling that for SRT division it is assumed that dividend
2 and divisor y are normalized such that —p < % < p, both
an approximate quotient ¢; and an approximate root ¢; can be
written as ¢; = Y| d;3', i.e., as a proper fraction.

Rewriting the right-hand expression of (26) into

Li(2) = (20 + (d = p)B~0H) (d = p),

we notice that this can be considered a value of the bound for
divison L4(z) = z(d — p), where the argument z = 2q; + 6¢
is a perturbed version of the argument y used for division, the
perturbation being §¢ = (d — p)s~(+1). As for division we
shall again assume that 5r; > 0, handling negative remainders
by symmetry. Observing then that

(27)

0<d—p<a—p for 1<d<a,

the perturbation §¢ can be made arbitrarily small by requiring
i > i’ for some sufficiently largei’. Since the line L,(z) isto

be the left boundary for the uncertainty rectangles, the (non-
negative) perturbation can be compensated for by increasing
the height of these rectangles by the maximal perturbation.

We shall now turn our attention to the selection function, in
the form of determining the step-wise functions S ;(z), where
z = 2q; here takes the place of the divisor y in division.
In particular we will first attempt to determine a value i’,
such that the perturbations max,(5¢) are sufficiently small
for i > i, using the same truncation parameters v and ¢ as for
division. Recalling (10) for choosing the step function S;(Z2)
for division, but now adding the perturbation in the left bound
we get the condition:

(d—p)(+ulp(Z) +5) < Sa(2) < (A~ 1+ p)2 —ulp(Br,),
. (28)
where Z now is either i or 2¢;.
As for division, Sq(z) has to be an integer multiple of
ulp(Br;) = 27, hence defining S;(3) = sqx2 " we must
require:

sak = [27%(d - p)(k + 1+ 246%)]

< [270(d — 1+ )k — 1] (29)

using ulp(z) = 27%, and defining z = k2", for integer k,
2u—l < k < 2%, assuming that the range of z is the half-open
interval 1 <z < 1.

Now we want to determine a minimal bound ¢ > 0 as a
function of ¢', such that

max(57) = (a - p)8~ Y <e=(a—p)p~ " (30)

for ¢ > i, preferably without changing the values of the
discretisation parameters w and t.

However, this will not be possible in general. Let
A(u,t,k,e) be defined as in Theorem 3, but modified with
the inclusion of a perturbation ¢

Au,t, k,e) =
2% =1+ p)k — 1] — [2~4(a —

(31)
p)(k +1+2%)] .

Consider the case of radix 4 SRT as in Example 1 where
A(4,4,k,0) > 0 for 8 < k < 15, but A(4,4,8,¢) < —1
for any e > 0, since 2t7%(a — p)(k + 1) happens to be
integral. Thus (29) cannot be satisfied and it will be necessary
to increase u and/or t.

Inserting the bound & from (30) in (31), changing the
function A now to be a function of i’ instead of £ we obtain

Al(u,t k') = [207%(a— 1+ p)k — 1] 32)
- [Zt’“(a -p) (k +1+2%a - p)ﬂ’(’“rl))-l ,

whose values must be non-negative for all values of k, 2“1 <
k < 2% —1 for a chosen set of parameters u, ¢ and ¢’.
Theorem 4: The digit selection of radix 5 > 2 SRT square
root can for i > 4’ be implemented using the same algorithms
as SRT division, when i’ is chosen such that
Al(u,t,2v71 ") > 1
or
(A" (u,t, k,i") =0 for k=21 .-k — 1)
and A'(u,t, ki,1') > 1)



for suitable values of u and ¢. These values must satisfy u > '
and t > t', where v/ and ¢’ are the values determined for
divison by Theorem 3. It is assumed that the divisor y is
normalized to the interval [1;1) and the radicand = to the
interval [15; 1)-

Proof: By Theorem 3, the choices of u and ¢ assure that
digit selection for division is possible for 5 > 2, what remains
isto show that they are also valid for digit selection for square
root when i > 4’ in these cases. The condition of the theorem
on u,t and i’ implies by Lemma 2 that A'(u,t,k,i') > 0
for al k, 21 < k < 2% — 1, such that condition (29), or
equivaently (28) holds for al digits d > 0. But the latter
condition on the step function S(z) defined by the points
Sq4(2) is equivalent to requiring that the “height extended”
uncertainty rectangles (see Fig. 8) for al k,d,é6¢ and i > 4’
lie between the lines Ly(z) and U, (z), both as defined for
division.

La(2) La(z+e) Ui-(2) Us-1(2)

—1 +p)237(i'+1)

2.2t

e =(a—p)B~ "
Fig. 8. Extended uncertainty rectangle

This follows from the equivalent of (7), specifying that the
upper left-hand corner must be to the right of the line L 4(z),
as specified by

La(Z +ulp(2) + &) = (d — p)(Z + ulp(2) +¢) < Sa(2),

and similarly that the midpoint of the lower edge of the
rectangle must be to the left of the line U;_, (2)

SE) +ulp(Bry) <U;_,(2) = (d— 1+ p))Z.

These bounds are equivalent to (28), thus the uncertainty
rectangles, for division as well as for sguare root, for al
digitsd > 0 and 2“7 < k < 2%, for ¢ > i’ are properly
located.

What remains is to handle the case g = 2, where it is easily
seen since p = 1 that the perturbations ¢ < 0. Foru =t =1,
checking the cases by insertion, it is found that (29) is satisfied
for al valuesof d € {—1,0,1} and k = 1 for all i > 0, since
(29) in this case is simply a rewriting of the condition that
A’(1,1,1,0) > 0. O

Values of A’ can thus be used to verify parameter choices,
eg. for g = 4, minimaly redundant, where we know that
u =t = 4 is sufficient for division, but that « and/or ¢ must
be increased. Tryingu =4, ¢t =5 and i’ = 3 we find

{A'(4,5,k,3) | k=8..15} = {0,2,2,2,4,4,4, 6},

but also for i’ = 2
{A'(4,5,k,2) | k=8..15} ={0,1,1,2,3,3,4,5},

both satisfying Theorem 4. Choosing instead v = 5 and t = 4
turns out also to be possible:

{A'(5,4,k,2) | k = 16..31}
={0,0,0,0,0,0,1,1,1,1,1,1,2,2,2,2}.
As an illustration some examples are shown in Table I,
including the ones found above. The smallest possible values

of u,t and i’ have been chosen, alowing for non-negative
vaues of A'(u,t,k,i') for al k suchthat 2¢~! < k < 2% —1.

TABLE |
PARAMETERS FOR SOME COMBINED DIVIDE AND SQRT ALGORITHMS.

Blalelult]i]

211|110
4121245/ 2
40212|5(4]2
403]1]4|4]1
8l[4(2]7|6]3
8l|7]1|54]?2

However, recall that it is not necessary to check all values of
k, it is sufficient to check a few initia values, e.g., for 5 = 8,
minimally redundant

{A'(7,6,k,3) | k = 64..127}
={1,1,0,1,1,1,2,1,---,5,5,4,5,5,5,6,5}

the first value A’(7,6,64,3) = 1 is sufficient to assure that
the remaining values are non-negative.

Finally note that while y is a constant in division, normally
given in non-redundant representation, for square root ¢; is
computed for each step. Hence ¢; islikely to bein a redundant
representation, but can be converted to non-redundant rep-
resentation “on-the-fly” [14], and then truncated to accuracy
ulp(2¢;) = 2 for digit selection.

[12] investigated whether the truncation parameters ¢t and u
can be chosen such that some constant value, z = 2¢, found
by table look-up in non-redundant form, can be used as an
approximation of 2Aq,» during the iterative phase of the square
root algorithm, i.e., for 7 > ', 4’ suitably chosen.

Assuming that the quotient radix is of the form 5 = 2™
where m > 1, having determined 2¢; (and implicitly digits
dy,---,dy) by table look-up, then ulp(2¢y) = 2™+, From
the proof of Theorem 4 it is easy to see that the vertical
location and size of a uncertainty rectangle can be determi ned
by a modified condition (32) on A’, to remain fixed for i > i’
az=2¢= qur with ulp(2q) =2 -mi'+l gGince

12¢; - 2q] < 2(|g; — Vo[ + |V — ]) < 2ulp(29) =
it is possible to choose u,t and i’ such that al subsequent
points (2q; + 6¢,8r;) for i > 4’ are inside such suitably
located uncertainty rectangles. We shall, however, not pursue

27mi’+2



this possibility further, but instead see that it is possible to
avoid the initial table look-up phase in the frequently used
case of § = 4.

B. Radix 4 Divide and Square Root without Initial PLA

Let 4 = 4 with minimally redundant digit set D =
{-2,-1,0,1,2}. From the table above we choose v = 4,
t =5 and i’ = 2. We can now compute the values of the
constants S() = sq 2t ford > 0 as

sak=[2"0(d - p)(k + 1+ 2%e)]=[2(d — 2)(k + 3],

resulting in the following table of comparison constants valid
for sguare root digit selection for ¢ > 2 with z = 2¢;, and for
al i > 1 for division with z = y, assuming z € [1;1):

(k=162]8 [ 9 ]10]11]12|13]14]15]
326, (71718199 10]11|11
325, |25]28|31(33 36394144

Utilizing that the definitions of the functions L ,(z) and
Uy (z) are the same as for division, combining with the table
of Sy, yields the P-D diagram for the first quadrant as shown
in Fig. 9.

11 LS, Ug LS, Ut

=

P-D diagram for a combined divide and square root, radix 4 SRT,

Fig. 9.
1> 1

Since ¢; = Y,d27" = z € [3;1) ad i’ = 2,
it is sufficient initialy to determine d; for the sguare root
algorithm, before the general SRT algorithm can be applied.
Following [13] for completeness we now want to see if it is
possible to find common selection intervals for d, valid for
division as well as sgquare root, thus avoiding a special 1ook-up
table to determine the initial digit.

For the square root of the radicand z, there are two
possibilities for the choice of the first digit, d; € {1,2}, as
seen by the following based on choosing the initial remainder
o = .
dy = 1. Here g1 =

, thus 1, = 42 — %, and the bounds

4

N

B1<4m—i§B_1aresetisﬁed
5
formgl’gm
di =2: Here ¢ = 3, thus r; = 4z — 1, and the bounds
B1<4m—1<B_1aresetisﬁed
ry- 56
for 144 <z <P

using the remainder bounds B; < r; < B; from (24). Note
that the whole range ;5 g x < is covered, with an overlap

interval [{%; 2%] of width - where both values of d; are
possible. Trandating these bounds on z into bounds on Sry =

4z we find

di =1 can be chosen for

INIA

di =2 can be chosen for

with an overlap of width 1 between these intervals.

Note that g9 = 0, hence the value of 2q0 = 0 cannot be
used for digit selection together with ,Gro = 4z, since 2 = 2q,
is supposed to be in the interval [1;1). But we are free to
choose any suitable value for QAqO (or k) in the comparisons or
table look-up to determine d; € {1, 2}, we may even trandlate
or scale the initia remainder 8rq, as long as we assure that
the standard digit selection chooses the proper value of d;
according to the selection intervals just found.

It is thus possible just using 28r, = 2 = 4z instead of 4z
for the initial root digit selection. Recall that the entries in
the table of selection constants are lower bounds for the digit
selections, since 2 £ = 22 < 31 then 31 can be used as a
lower bound for selecting d; = 2, choosmg k=10fori=1.
The correspondi ng lower bound for selecting d; = 1 is then
21 = 28, with an upper bound way beyond the lower bound
for choosing d; = 2. Note that multiplication by the factor
2 is permissible, since the uncertainty rectangle of j3rq here
only has half the width because ,6r0 = 4z isin non- redundant
representation, thus it has only half the error as values of ﬁrl
used in later iterations.

Finaly, there is another minor problem with the digit
selection for sguare root determination. If the initial digit
d, = 2 is chosen, then ¢; = % which is not in the interva
[1; 1), and there are no selection constants corresponding to
the value £ = 16 in the table above. Of course entries for
k = 16 (and other larger values of k) could easily be added,
but for a table look-up implementation this would imply that
one additional bit would be needed in the address & for the
look-up. Since the entries for £ = 16 would be 12 and 47, it is
easily seen from the P-D diagram in Fig. 6 that there is plenty
of “room” to change the values for k£ = 15 from 11 resp. 44
to the values 12 resp. 47, and just use the selection constants
for £ = 15 instead of the missing ones for k¥ = 16. Thus
the following table of selection constants is valid for radix 4
division and square root for al ¢ > 1:

k=16z| 8 | 9 |10 |11 (12|13 |14 | 15,16

328, | 7171819 ]910|11] 12
325, 25|28 |31(33|36(39]|41| 47

using k = 10 and 23r, = 2 « 4z instead of 4z for the initial
square root digit selection.

V. CONCLUSIONS

It has been shown that for SRT division, it isindeed possible
to analytically define the truncation parameter ¢ for the shifted
remainder, 27t = ulp(fr;), given a vaue of the divisor
truncation parameter u satisfying a certain bound, e.g., the
minimal such value of u. Thus the quotient digit selection



function can be defined without the need to extensively check
the validity of some chosen parameters.

The analysis was then modified for the SRT sguare root
algorithm, whereit iswell known that initially some digits may
have to be determined by other means, but that it is possible
to use the same algorithm to determine digits d; for i > ',
with i/ suitably chosen. It has been shown that by possibly
increasing the values of the truncation parameters determined
for division, such minimal values of i’ may easily be found
from a condition very similar to the one used to determine the
division parameters.

A combined divide and square root agorithm has been
developed, sharing digit selection intervals. To complete the
picture, the particularly important case of minimally redundant
radix 4 is anayzed in detail. Along the line of [13], but
differently, it is shown that the initial digit of the square root
here can be found by the otherwise unchanged shared divide
and square root algorithm, by a slightly different initialization
of the sguare root case.

We have here used standard truncation, just discarding digits
below a certain position. In some of the previous papers, e.g.,
[7], [10], [8], dso different truncations of the “save’ and
“carry” -partsin carry-save representations have been analyzed,
and similarly for different truncations of the positive and
negative parts in borrow-save represented remainders. It is
also possible to reduce the truncation error by including a
carry-bit from a few extra positions beyond the truncation
point, as suggested in [7]. Another (equivalent) possibility is
to apply the digit-parallel PN-recoding from [15]. Such extra
(user specified) truncation parameters could also be included
in the analysis presented here, but will of course complicate
it.
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