Alternative Implementations of SRT Division and Square Root
Algorithms

Thomas Agermose Jensen

July 3, 1998

Adviser: Prof. Peter Kornerup






Preface

The work presented here is the product of my studies at the department of Mathematics and
Computer Science (IMADA) at Odense University.

Thanks are in order to a number of people. First of all to my adviser Peter Kornerup for
his endless patience, and for always having time for me. Secondly to Vitit Kantabutra who
wrote the article which got me started in the first place. And to the people at Tegnestuen
who made the time spent writing this thesis an enjoyable one.

Thomas Agermose Jensen,

Odense, July 1998.



ii




Contents

1 Introduction
1.1 Motivation . . .. ... ...
1.2 Overview . . . . L e
2 Number Representations
2.1 Radix Representations . . . . ... ... ... .. ......
2.2 Digit Sets . . . . .. e
2.3 Radix-Digit Set Combinations . . . . . . .. ... ... ...
2.3.1 Redundancy . .. ... ... ... ... .. ...
2.3.2  2’s Complement Representation . . . . .. ... ...
2.3.3 Sign-Magnitude Representation . . . . ... ... ..
2.4 Radix Conversions . . . . .. ... ... ... ... .....
2.5 Digit Set Conversions . . . . . . ... ... .. ... ..
2.5.1 Borrow-Save to Sign-Digit . . . . ... ... ... ..
2.5.2  On-The-Fly Conversion . . ... ... ........
2.6 Comparisons . . . . . . . .. . oo
2.7 1EEE Standard For Floating-Point Arithmetic. . . . . . ..
3 Division
3.1 Digit Serial Division . . . .. .. ... ... .. 0.
3.1.1 Digit Serial Division Algorithm . . .. ... ... ..
3.1.2  Block Diagram of the Division Algorithm . . .. ..
3.1.3 Integer Division . . . . . .. ... ... ... .....
3.1.4  Floating-Point Division . . ... ... ... ... ..
4 SRT Division
4.1 Theory of SRT Division . .. ... ... ... ... .....
4.2 The Quotient Digit Selection Function . . . ... ... ...
4.3 Direct Comparison . . . . . . .. ... oL
4.3.1 Truncated Comparison . . . . . . ... .. ... ...
4.3.2 Truncation Errors . . . .. ... ... ...
433 FractionBits . . . .. ... o oL,
434 Integer Bits . . . . . . ... .. oL
4.3.5 Choice of Comparison Functions . .. .. ... ...
4.3.6 Performing the Comparison . . . .. ... ... ...
4.3.7 Comparing only with Positive Comparison Functions

iii

D~ S DDLU W W —

— = =
= W w i oo

15
15
18
21
21
22
23
24
25
25
27



iv CONTENTS
4.3.8 Using only Positive Truncated Comparison Functions . . . ... ... 29
4.3.9 Using Constant Comparison Functions . . . . . ... ... ... .... 29
4.3.10 Results . . . . 0 oo 32
4.3.11 Examples . . . . . oo 34

4.4 Table Lookup . . . . . o . o o 38
4.4.1 Truncation Errors . . . . . . .. . L 39
4.4.2  Fraction bits . . . ..o oL 39
4.4.3 Integer bits . . . . . . .. 41
4.4.4 Table Inputs . . . . . . .. 41
4.4.5 Using only Positive Selection Bounds . . . . .. ... ... . ... ... 43
4.4.6 Results . . . .. 44
4.4.7 Examples . . ..o 44

5 Square Root 51

5.1 Digit Serial Square Root . . . . . . . .. . oo 51
5.1.1 Digit Serial Square Root Algorithm . . . . ... .. ... ... ..., 54
5.1.2 Block Diagram of the Digit Serial Square Root Algorithm . . . . . .. 54
5.1.3 Floating-Point Square Root . . . . . . . ... ... ... L. 54

6 SRT Square Root 57

6.1 Theory of SRT Square Root . . . . . . . .. ... .. ... ... 57

6.2 The Root Digit Selection Function . . . ... ... ... ... ... ...... 60

6.3 Direct Comparison . . . . . . . . . . e e 61
6.3.1 Truncated Comparison . . . . . . . . .. ... oo 61
6.3.2 Truncation Errors . . . . . . . . ..o 61
6.3.3 Fraction Bits . . . . . . .. . 61
6.3.4 Integer bits . . . . . . L. 62
6.3.5  Same Comparison Functions in Every Iteration . . . . ... ... ... 63
6.3.6 Choice of Comparison Functions . . . .. ... ... ... ... .... 64
6.3.7 Performing the Comparison . . . . .. ... ... ... ... ..., 64
6.3.8 Using only Positive Comparison Functions . . . . . .. ... ... ... 65
6.3.9 Using Constant Comparison Functions . . . . . ... ... .. ... .. 65
6.3.10 Results and Examples . . . ... .. ... 0 oo 65

6.4 Table Lookup . . . . . . . . o 67
6.4.1 Truncation Errors . . . . . . . . ... 67
6.4.2 Fraction Bits . . . . . . .. .o 68
6.4.3 Using Same Selection Bounds in Every Iteration . ... ... .. ... 68
6.4.4 Integer Bits . . . . . . . . 70
6.4.5  Table Implementations . . . . . . .. ... ... .. oo 71
6.4.6  Using only Positive Selection Bounds . . . . . .. .. ... .. ... .. 71
6.4.7 Results . . ... 71
6.4.8 Examples . . .. . 71

7 Combined Division and Square Root 79

7.1 Implementation . . . . . ... L e 80

7.2 The Digit Selection Function . . . ... .. .. ... .. .. 0. 80

7.3 Direct Comparison . . . . . . . . . . . e e 81



CONTENTS v

7.3.1  Formation of Comparison Functions . . . ... ... ... ... .... 81

7.4 Table Lookup . . . . . . o o 81
7.4.1 Integer bits . . . . . . oL 82

7.4.2 Results . . .. 82

8 Comparison of Implementations 83
8.1 Division . . . . . Lo e e e e 83
8.1.1 Radix 2, with Carry-Save Adder . . . . . ... ... ... ... ..., 84

8.1.2 Radix 4, Minimally Redundant with Carry-Save Adder . . .. .. .. 87

8.1.3 Radix 4, Maximally Redundant with Carry-Save Adder . . . . .. .. 89

8.1.4 Radix 8, Minimally Redundant with Carry-Save Adder . . .. .. .. 89

8.1.5 Radix 8, Maximally Redundant with Borrow-Save Adder . . . . . .. 92

8.1.6 Radix 16, with Carry-Save Adder . . . . . .. ... ... ... .. .. 93

8.2 Comparison . . . . . . o oo e 93
8.2.1 Theoretical Comparison . . . . . .. ... ... ... ... ... 93

8.2.2 Comparison of Implementations . . . . . . ... ... ... ... ... 96

8.2.3 Comparison of Quotient Digit Selection . . . . ... ... ... .... 98

9 Conclusion 101
A Robertson and Taylor Diagrams 103
A.1 Robertson Diagrams . . . . . . .. . . L e 103
A2 Taylor Diagrams . . . . . . . o . o e 104

B Logic 105
B.1 Gates . . . . . oL 105
B.2 Basic Modules . . . .. . . 105

B.3 Complex Modules . . . ... ... 106



vi

CONTENTS




Chapter 1

Introduction

1.1 Motivation

My interest for computer arithmetic was born when I took a course on computer arithmetic
given by Peter Kornerup at Odense University. One of the topics of the course was the by
then well-known Pentium FDIV bug. Later | came across an article [10] by Vitit Kantabutra,
the subject of which was SRT division using the direct comparison method.

The aforementioned Pentium bug, has since spawned a considerable interest in verification
of the table lookup method [3, 8], while little effort has been devoted to the direct comparison
method.

The main objective of this thesis is to analyze the direct comparison method, and to
compare it with the table lookup method.

1.2 Overview

e Chapter 2 gives an introduction to the concepts of number representations and funda-
mental operations on these.

e In Chapter 3 we present the general division problem, and digit serial division.

e In Chapter 4 we develop the necessary theory to study the SRT class of division al-
gorithms. This theory is exemplified by the direct comparison method and the table
lookup method. For both methods several possible implementations are analysed.

e Chapters 5 and 6 deal with square root.

e In Chapter 7 we examine a combined division and square root implementation, for the
two possible SRT methods.

e A comparison of the direct comparison method and the table lookup method is presented
in Chapter 8.

e Chapter 9 concludes our investigation.
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Chapter 2

Number Representations

In this chapter we present some of the concepts on which the division and square root algo-
rithms rely. Most of it is based on concepts presented in [12].

2.1 Radix Representations

Definition 2.1 We define the radiz 3 polynomials, P[], as polynomials of the form:
P([8]) = dm[B]" + ... + di[B]' (2.1)

where d; € Z, and —oo < [ <1 < m < oo.

The value of the polynomial is:

IP(B)]| = P(B) = dw ™ + ...+ di". (2.2)

We will use the following notation:
3: Radix or base.
d;: 7’th digit
d;: least significant digit
[: least significant position
[8]": unit in last place, ulp (P[3])

m: most significant position

Although 8 may be positive, negative, and even real or complex, for our purpose we shall
restrict 3 to the positive integers, that are powers of two, i.e. 3 = 2%, for some k > 1. We
shall usually employ the sum notation:

P([8)) = dilpT, (2.3)

or the shorthand notation,

P = P([j]). (2.4)
In the following chapters we shall usually not distinguish between the representation of a
radix polynomial and its value, the correct interpretation will be obvious from the context in
which it appears.
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2.2 Digit Sets

A subset D of the integers Z, is called a digit set, and a member d € D is called a digit. There
are many types of digit sets, the most common being the standard digit set:

Dg={0,...,6—1}. (2.5)
In the following we are particularly interested in the symmetric digit set:
Do={-a,...,0,...,a}, (2.6)

since this is the digit set used in SRT algorithms.

2.3 Radix-Digit Set Combinations

To represent numbers we must choose a radix, 3, together with a digit set, D. We may then
define:

P16, D] ={P € P[f]|d: € D} (2.7)

In the case 8 = 2 we have several well-known base-digit set encodings. We will use the follow-

‘ digit ‘ encoding ‘

0 00
1 01 or 10
2 11

Table 2.1: Carry-save encoding.

‘ digit ‘ encoding
1 |10
0 00 or 11
1 01

Table 2.2: Borrow-save encoding.

‘ digit ‘ encoding
1 |11
0 00 or 10
1 01

Table 2.3: Sign-digit encoding.

ing notation for carry-save and borrow-save representations, when a polynomial is expressed
using the particular encodings:
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carry-save

borrow-save

2.3.1 Redundancy

It is well-known that a digit set may be redundant in conjuction with a given radix, if some
values have more than one possible representation. For such digit-set radix combinations
we can define a reduncancy factor which measures how redundant the digit set is. For a
symmetric digit set we have:

a
= . 2.1
P=51 (2.10)
2.3.2 2’s Complement Representation
Let the complement polynomials be the set:
m+1 '
{PIP=> di[2]',di €{0,1}, forl <i < manddpss = —dn}. (2.11)
i=(

We have the additive inverse:

m+1

P = ) (=)

i=(

= —dpy 2]+ zm:(l —d; = )2

i=(
m

S P ) L E S I i R 3

= —dp 2 Y (= dR) - (2 - )

i=(

= (g F DI Y (- d)R2) 2]
1=l
We will use the notation (1’s complement):

P=> (1-d)[2). (2.12)

we then have the following relation:
-P=P+[2" (2.13)

That is, the additive inverse is obtained by bitcomplementing followed by an addition of 1 in
the least significant bit position.
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2.3.3 Sign-Magnitude Representation

Although we can easily determine the sign of a 2’s complement radix polynomial from the
most significant bit, the magnitude of the number depends on the sign. Sometimes it is more
convenient to factor out the sign, so that both sign and magnitude may be determined easily.
This is the basis for the sign-magnitude polynomials:

PE cP[3,D]={s-P|se{-1,1}, P e P[3,D]}. (2.14)

2.4 Radix Conversions

Given a radix # = 2* polynomial P([5]) = 3.7, d;[3]’, we can convert it to a radix 2 polyno-

i=(

mial P, by splitting each radix 2% digit into & bits,

m-k
Py =Y ), (2.15)

i=l-k

where d! are the corresponding radix 2 digits. We may then define the truncated radix 2
polynomial {P'};:

m-k
{P(2D)}e= ) d2I (2.16)

i=m-k—t

L.e. the ¢ most significant bits. We also have,

ulp ({P'};) = [2]™ k0 (2.17)

2.5 Digit Set Conversions

In the following chapters we shall encounter situations, where we need to convert numbers
from one digit set into another, or from one encoding into another.

2.5.1 Borrow-Save to Sign-Digit

This conversion requires a recoding of the digits from borrow-save to sign-digit. Inspection
of Tables 2.2 and 2.3 reveals that the conversion is trivial. Let a = (a®, a®) be a digit encoded
in borrow-save and let b = (b*,b6) be a digit encoded in sign-digit.

bv¥=a, b=dda (2.18)

The conversion can thus be realized by a single XOR, operation.

2.5.2 On-The-Fly Conversion

In particular we are interested in converting redundant borrow-save into standard binary
representation. This conversion can trivially be accomplished by a subtraction as suggested
in 2.9. In the algorithms described in this thesis, the result digits are generated in a sequential
fashion. The result must usually be converted to non-redundant form. If we could perform
the conversion into non-redundant form, in parallel with the digit generation we could then
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avoid the slow addition operation on the redundant result. This parallel conversion can be
accomplished by an on-the-fly conversion. This conversion is described in Section 1.10 of [12].

We wish to convert a polynomial Q' with digits, ¢; from the symmetric digit set, D,, to
another polynomial, @, with digits from the standard digit set Dg, ! in radix 8. First we
derive the conversion mapping «, shown in Table 2.4. The carry set is seen to be {—1,0}.

0 a
0-440 0+a=0-8+a
B+ (B-1) T+a=0-8+a-1

=1
o
+
|

Table 2.4: Conversion mapping.

We then have two conversion polynomials with the following update rules:

0 { Qz_l + (ﬁ + %’-I—l)ﬁ_(i—l_l) if gi+1 <0
i+1 —

T Q0+ iy 6D if s >0
and

Qi1 = { Q7'+ ((B = 1) + i)~ il gi41 <0

QY + (gig1 — 1)5~0+D if giy1 >0

with le = —1 and QY = 0. The final converted polynomial, @ is then equal to Q% if Q' has
n digits.

2.6 Comparisons

We wish to perform comparisons of the form:
I|P|| > aB™ ", t>0,a€7Z. (2.19)

This comparison can be performed in time O(logt). This is a direct consequence of Theorem
2.10.13 of [12] which states that the sign of any polynomial can be found in time O(log(m—1)).

If P is in redundant form with ¢ digits then such a comparison can be performed in one
of two ways:

Method 1 Assimilate P to non-redundant form. The comparison is then a matter of
determining the sign of the borrow-save polynomial ¢} given by:

b

Q= (P)" — (a[p]"™")". (2.20)

Both of these operations run in time O(logt), if we use a carry-lookahead adder to convert P
to non-redundant form.

'The definition of the on-the-fly algorithm states that the target digit set should be complete for radix 3.
The conversion given here is therefore only correct for non-negative numbers.
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Method 2 First perform a redundant subtraction of the righthand side of (2.19) from the
lefthand side, then determine the sign of the resulting redundant polynomial. The redundant
subtraction runs in constant time while the sign-detection runs in time O(logt). When
examining actual implementations in Chapter 8 we shall use Method 2, since it is faster.
This method also has the advantage that it allows both operands to be in redundant form.
Observation: Method 1 and Method 2 are equivalent.

Observation 2.10.14 in [12] states that we can compare two 2’s complement numbers in
the same manner, and in the same time. This implies that we can determine the sign of a
carry-save polynomial in time O(logt).

2.7 IEEE Standard For Floating-Point Arithmetic

Nowadays most floating-point processors comply with the IEEE standard [9]. IEEE numbers
are on the form:
(=1)%25 (bo.by -+ - bp_1), (2.21)

where
s € {0,1} is the sign,
E € [Enin, Epar] is the exponent,
b € {0,1}, by = 1.
The well-known single and double-precision formats are shown in Figure 2.1 and Figure 2.2.

1 8 23
s e f

Figure 2.1: Single format.

Figure 2.2: Double format.



Chapter 3
Division

Of the four fundamental arithmetic operations, division is the most complicated. In the paper
and pencil method we have the problem that the least significant digit of the result depends
on all the digits computed before it, so we have to determine the digits in a strictly serial
fashion. We also recall that there are many possible results, depending on when we decide
to terminate the division. Since computers can only represent a finite subset of the rational
number system, any computerized version of the division operation is not closed. We now
state the general division problem:

Definition 3.1 (The division problem.) Given X and D, the dividend and divisor, and
a required quotient precision, ulp @), find Q) and R, the quotient and remainder, so that:

X=Q -D+R,
with

X
‘E_Q < ulp @, sign R = sign X.

Division algorithms can be divided into two groups. The first is the digit serial method,
to which the well known paper and pencil method as well as the SRT algorithms belong. The
other is the functional iteration method, which we will not be discussing here.

3.1 Digit Serial Division

Let 3 be the radix, and let the quotient digit set be D = {a,...,0,...,b}. Digit serial division
produces the quotient digits one at a time, most significant first, by iterating a recurrence n
times, where n is the number of iterations needed to produce the quotient with the required
precision, ulp (). After ¢ iterations, we have a partial quotient, ();. We then define the error
at step 1, ¢;, as follows:

ei:‘%—Qi . (3.1)

One way of making sure that definition 3.1 is satisfied is to keep ¢; bounded in each iteration,

€ < ulp@Q;. (3.2)
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This will ensure that €, < ulp),. Using the notation from Chapter 2 we can write the
quotient on the form:

Q=>_ ap, (3.3)
1=

with ¢; € D. However, since division is a most significant digit first operation we shall write
it on the equivalent form:

-1
Q= > q.p . (3.4)
i=—m
In both cases we have ulp ) = f'. Likewise we can write the quotient after i iterations as:

—m1

Q=Y g5, (3.5)

j=—m

with ulp Q; = ™. The number of iterations, n, is equal to n = m — [. For simplicity we
will enumerate the quotient digits from 0 to n. After n iterations the quotient is then given

by:

—m-4n

Qn: Z Qj-l—mﬁ_j- (36)

i=—m

Since we are doing most significant digit-first we have:

ulp Qiy1 = S ulp Q. (3.7)

The initial quotient is Jg = 0 with ulp Qo = ™. We now develop a division recurrence based
on the above. From (3.2) and (3.7) we get:

X .
‘5 ~Qi < b Q
X —QiD| < p~+"D|
BX -Q:D| < p™|DI. (3.8)
Unscaled Partial Remainder
Define a partial remainder:
P =X —Q.D. (3.9)
We then obtain the recurrence:
Py = X—-QinD

= X- (Qi -I-qz'+1ﬁm_(i+1)) D
= Y (X - QiD) — g D"
= P, — iy D) (3.10)

with initial remainder Fy = X, since Qo = 0. The bound in (3.8) leads us to the following
bound on the partial remainder:

Vi: |P|< 8™ D] =ulpQD|. (3.11)
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The initial remainder X also has to satisfy this bound, so:
| X| < ™| D]. (3.12)

We can easily see that the pair Q),,, P, satisfies Definition 3.1, so we let ) = @), and R = F,.

Scaled Partial Remainder

We could also define a scaled partial remainder: 1
R; = (X — QD). (3.13)

This partial remainder is the one we shall be using in the following chapters. We then obtain
the following recurrence:

Riyn = BY(X = QD)
ﬁi-l-l (X B (Qz + qi_l_lﬁm—(i—l—l)) D)
= BYYX - QD) - g1 DB™
= [R;—qu1DF", (3.14)

with the initial remainder Ry = X, since ()o = 0 in (3.13). The bound in (3.8) leads us to
the following bound on the scaled partial remainder:

Yi: |Ri| < 8"|D|. (3.15)
Since X is the initial partial remainder, we require | X| < ™|D).

Final Remainder Formation

As before, @), satisfies Definition 3.1, however it is easily seen that the remainder R, does
not. We therefore have to form the final remainder R from R,,. We have:

R,=08"(X-Q. D), (3.16)
and we want
R=X-0@Q-D. (3.17)
so we form R by:
R=p""-R,. (3.18)

Correction Step

We also have to make sure that the signs of the remainder R and the dividend are the same.
If they disagree then we have to perform a correction step as follows:

sienR=signD = Q=Q+ulpQ, R=R—ulpQ-D, (3.19)
signR#signD = Q=Q—ulpQ, R=R+ulpQ-D. (3.20)

The proof that the pair Q, R satisfies Definition 3.1 is trivial.

!This is the same partial remainder we use in the paper and pencil method.
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Selection Function

The condition (3.2) is only an upper bound; depending on the digit set used we may require
a tighter bound, leading us to a tighter bound on the partial remainders as well. In the next
chapter we shall see examples of this. We thus have to select the quotient digit ¢;4; in the
recurrence (3.14), in such a way that R;y; is bounded. From (3.14) we see that the selection
depends on GR; and D. This selection procedure is visualized in the Robertson diagram
3.1. Consult Appendix A for the definition of Robertson diagrams. How this selection is

R4

( B™D

/ / \
a — — 0 1 q b
‘ ‘ BR;
-B™D

Figure 3.1: Robertson diagram for quotient digit selection.

done, depends on the actual implementation. For now we let the selection be handled by a
quotient-digit selection function:

¢iy1 = q-select(BR;, D). (3.21)

3.1.1 Digit Serial Division Algorithm
The developments made in the preceeding section leads us to the following digit serial division
algorithm, which uses the scaled partial remainder.

Algorithm 3.2 (Digit serial division algorithm)

Input: A radiz 3, a divisor D, a dividend X, and a required quotient precision 3~"T™,
Output: A quotient and remainder pair Q, R with X = Q-D+ R, |X/D—-Q| < "™ and
sign i = sign X.

Method:

Ry = X;
fort:=0ton—1do
Git1 := q-select(BR;, D);
Riy1 = BR; — qiy1 DB™;

end;
Q=Y g
R:=p"""Ry;

if sign R # sign X then
if sign R = sign D then
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Q:=Q+p5";

R:=R-07"D;
else

Q:=0Q—-p7";

R:=R+37"D;
end;

end;

The correctness of the algorithm follows from (3.6) and (3.26). One of the goals of an imple-
mentation of Algorithm 3.2 is to make the two steps in the for loop as fast as possible, and

to generate the quotient () as fast as possible.

3.1.2 Block Diagram of the Division Algorithm

Figure 3.2 shows a block diagram of one division iteration.

LEFT SHIFT

BR;

QUOTIENT DIGIT SELECTION

qdi41

DIVISOR MULTIPLE FORMATION

QUOTIENT

FORMATION

—qiy1DB™

Qit1

Figure 3.2: Block diagram of division iteration.

3.1.3 Integer Division

Integer division is just a special case of the above with m = n and [ = 0.

ADDER

Ry
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3.1.4 Floating-Point Division
Let X and D be IEEE floating-point numbers. We then have:

X = (—1)xofxx (3.22)
D = (=1)2Frpy, (3.23)

The signs and exponents are handled trivially. In the following we shall focus on handling
the significands, X’ and D’. For simplicity we assume that the range of the significands are
[1/2,1[, which is just a matter of placing the binary point to the left of the significand. In
the following the divisor and dividend will denote the significands of the true divisor and
dividend. Let f be the number of fraction bits in the representation of X and D. Then n is
the number of iterations needed to produce the quotient and remainder with f fraction bits,

n= -log, /3. 3.24
Logz ﬁ-‘ B2 ( )
We thus have m = 0 and [ = —n, and the quotient can be written on the form:
Qn=">_ as " (3.25)
=0

In this case we will use the scaled partial remainder 3.13; the recurrence is then:
Ry =0BR; — ¢ D, (3.26)
and the partial remainder bounds are:

Vi: |R;| < D. (3.27)
with initial remainder X < D. In the following chapters we shall assume that the operands
are floating-point operands.

Rounding

In the IEEE standard rounding is required. However we refer to [5], for a description of how
this rounding is performed.



Chapter 4

SRT Division

SRT division is named after D. Sweeney, J.E. Robertson [15] and T.D. Tocher [17], who
discovered a new way of doing non-restoring radix-2 division, at about the same time. The
method was then extended to higher radices by Robertson, and later D. Atkins [2] also
included the use of redundant quotient representation. SRT division is not really a special kind
of division, but rather a special class of digit serial division algorithms, and is characterized
by the following:

e The partial remainders are normalized.

e The divisor is normalized.

e A redundant symmetric quotient digit set is used.

e Partial remainders may be in redundant representation.

In the past SRT division has been used in several floating-point processors from Cyrix, Sun
and most famously Intel. The notorious Pentium FDIV bug used a radix-4 SRT division
algorithm. Most of the previous litterature has focused on analysing a specific implementation,
while there has been few attempts to develop a general theory on SRT division. In this chapter
we will develop a general theory for SRT division. We will then use the theory to analyze two
possible implementations of the quotient-digit selection function, namely the lookup-table
and the direct comparison method.

4.1 Theory of SRT Division

As before, let 3 denote our radix, let X be the positive dividend, and let D be the posi-
tive divisor. In the following we shall use a redundant symmetric quotient digit set D, =
{—a,..,0,..,a}, with @ > /2. We then have a redundancy factor of:

- a

(4.1)

The purpose of the quotient digit selection function is to select a quotient digit ¢;41, while
keeping the partial remainder R;1; bounded. These bounds are now determined. Let the
partial remainder bounds in iteration i be B, and B;

Vi: B, < R; < B;. (4.2)

15
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Let the selection interval [L,(¢), U,(7)] be the interval of SR; for which we can select ¢;41 = ¢,

q
and keep R;y; bounded by (4.2),
BRi € [Lg(i),Ug(i)] = Biyy < Ripa = BRi — gD < Biys. (4.3)

Now look at ¢;+1 = a, the maximal digit value, here we have:

BR; = U, (i) = BR; — aD = By, (4.4)
and B
BB; = Uy(). (4.5)
Combining these we get:
BB; = By +aD. (4.6)

The solution to this equation is B; = pD, which can be verified by inserting it in (4.6).
Since the solution does not depend on the iteration index ¢ we shall write B instead of B;.
Analogously the value of B, can be found by looking at ¢;41 = —a, the minimal digit value,

B=—-pD, B=pD. (4.7)
We then get the following bounds on the partial remainders,
Vi:—pD < R; < pD. (4.8)

For p = 1 these bounds are not compatible with the bounds in (3.27). We therefore have
to perform a correction step as described in Chapter 3. Note that since X < D is the first
partial remainder, we have to use Ry = X/f3, and postscale the results accordingly, in order
to comply with these bounds. Let us now develop expressions for L,(¢) and U,(¢). Since the
resulting expressions are again independent of ¢ we simply write L, and U, instead of L,(¢)
and U, (¢). Expressions (4.3) and (4.8) give us the following:

L,= B+ qD, U,=B+qD
Ly={(q-p)D, Uy = (q+p)D. (4.9)
Expressions (4.3), (4.8), and (4.9) are visualized in the Robertson diagram in Figure 4.1. To
make sure that we have at least one possible digit choice everywhere, every possible value of
B R; should correspond to a quotient digit. l.e every value of SR; should belong to at least

one digit selection interval:

U;—1 > Ly —ulp (BR;). (4.10)

The reason that ulp (8R;) appears on the right side is that it is exactly the difference between
two consecutive representable values of JR;. This condition is also known as the continuity
condition [5]. In the following we will use the stricter bound:

Uy > Ly, (4.11)

since it simplifies the resulting expressions. Equation (4.11) gives us the following requirement
on p:

—p)D (4.12)

\%
=

(¢—1+p)D
(4.13)

N | —
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R4

. By
/ / - 0 / / a
BR;

[=2NN)

Figure 4.1: Partial remainder bounds and selection intervals.

which is always satisfied because of @ > /2. Since every value of GR; belongs to at least one
selection interval, consecutive selection intervals may overlap each other. The value of the
selection interval bounds depend on p, the degree of redundancy in D, therefore determines
the amount of overlap we have between digit selection intervals. The overlap is given by:

Upy — Ly = (2p—1)D > 0, (4.14)

and is positive since p > 1/2 and D > 0. The amount of overlap thus depends on the digit set
and on the divisor D. This overlap gives rise to the possibility of redundancy in the quotient
digit selection, since in the interval [L,, U,_;] we can select either ¢;41 = ¢ or ¢;41 = ¢ — 1.
Thus in order to select a correct quotient digit, we do not need to know the exact value of
BR;. The number of bits we need to know, to determine the next quotient digit, depends on
the amount of overlap. The greater the value of D, the fewer bits we need examine. The
closer we get to zero the more bits we need to examine. This is illustrated in Figure 4.2. If we

D

L_q U_q L_, U_, Lo Uy Ly U, L U,

BR;

0

Figure 4.2: Digit selection interval width.

normalize the divisor to an interval D € [z, 1[, where 2 is not too close to zero, then we only
need to examine a few bits of SR;, to determine the next quotient digit. The most common
choice is @ = 1/2, since this is easy to achieve, and since floating-point numbers are already
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in this interval, as described in Chapter 2. This situation is illustrated in Figure 4.3. Once

D

L_q U_q L_, U_, Lo Uy Ly U, L U,

BR;

0

Figure 4.3: Digit selection interval width with normalized divisor.

we have normalized the divisor we can restrict the range of the divisor further by scaling it
[1, 5, 13]. For our analysis we shall restrict ourselves to the unscaled normalized case.

4.2 The Quotient Digit Selection Function

Now we address the problem of choosing a quotient digit, so that the bounds on the partial
remainders are satisfied. Since we have a redundancy in the choice of quotient digit, the
piecewise linear function displayed in Figure 4.1 is not 1-1. That is, the same values of SR;
and D may result in two different values of ¢;y1. A selection function that is 1-1 is now
defined. For the moment we will keep D fixed. Partition the entire digit selection interval
[L_,,U,] into 2a parts, so that:

Sq < ﬁRz < Sg4+1 = ¢it1 = 4, (415)

where s, are the partition points. An example of this procedure is shown in Figure 4.4,
for a maximally redundant digit set. If we do this for every possible value of D, the parti-
tion points correspond to a set of functions of . We thus represent the selection function
g_select(BR;, D), by a set of selection bounds {s,(D)}, q € D,, with

sq(D) < BR; < 5¢g41(D) = git1 = ¢. (4.16)

For notational ease, we will write s, instead of s,(D). Since the digit selection intervals are
symmetric around SR; =0 (L_, = =U, and U_, = —L,), we only need the positive selection
bounds to determine the next quotient digit. If R; is non-negative then we proceed as usual.
However if SR; is negative then we compare —3R; with the positive selection bounds. The
resulting quotient digit is then —g. This corresponds to the following quotient digit selection
function:

BR; > 0:s; < BRi < Sq11 = Giy1 =, (4.17)
BR; <0:5, < =fBR; < 5041 = Gi+1 = —¢. (4.18)
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R4

§i+1

qg—1
e / s ‘ BR;

Dy
Uq BB;

Lq—l Uq—l = Lq+1 Uq+1

Figure 4.4: 1-1 digit selection function.

We now wish to find a requirement for the choice of s,. From (4.3) and (4.16) we can deduce,
€L, U, (4.19)

For BR; = s, — ulp (BR;) we must choose ¢;41 = ¢ — 1 because of (4.16). This is equivalent
to:

sq —ulp (BR;) < Uy—yq. (4.20)
Combine this with (4.10), and we have:
€ [Lg, Uymy + ulp (BR;)]. (4.21)
We use the stricter upper bound:
€Ly, Ujq]. (4.22)

This means that the selection bounds must be chosen to lie within the overlap between
adjacent quotient digit selection intervals, as shown in Figure 4.5. The next two sections we

D

Ly sq Ug—1
1

W=

BR;

0

Figure 4.5: Selection function interval.
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shall examine two different methods of implementing the function ¢_select(GR;, D), namely
the method of direct comparison and the table lookup method.
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4.3 Direct Comparison

The simplest way to implement equation (4.16) is to perform a direct comparison between
the shifted partial remainder 3R;, and the selection bounds s,, to determine which interval
BR; lies in, and thus which quotient digit ¢;11 we should select. These comparisons should
take place in parallel, as shown in Figure 4.6. In this context the selection bounds are usually
called comparison constants [5, 10], however since they are functions of D, we shall call them
comparison functions. The method of direct comparison was first described by Robertson

Sg-1 Sq Sq+1

BR;

v
v
v

ENCODE

di+1

Figure 4.6: Direct comparison.

[15]. More recently Zurawski and Gosling [19], used it in a combined radix-4 square root,
multiply, and divide unit. In [10] Kantabutra described a hybrid radix-2/radix-4 divider using
direct comparison. To our knowledge all previous efforts have concentrated on particular
implementations, failing to derive a general theory on the use of direct comparison. Such a
generalization is the object of this section.

4.3.1 Truncated Comparison

Since the operand length may be very large, 53 bits for double-precision floating point [9], it is
not feasible to perform a full-precision comparison, in terms of speed and space requirements.
Luckily the overlap between digit selection intervals, permits us to perform a truncated com-
parison. Let {#R;}a denote truncation of GR; to A bits. If R, is in redundant representation
then we will allow different truncations of the redundant parts. Let the number of integer
bits of {#R;}a be 7, and the number of fraction bits be §. We then have A = 7+ §. Let
[ be the number of fractional bits in the representation of 3R;, and s,. Let er be the error
resulting from the truncation of SR;:

BR; = {BRi}a + ¢r. (4.23)

The range of ep will depend on the truncations used and the chosen representation of R;.
The above is illustrated in Figure 4.7. Let D € [1/2,1] be the normalized divisor, and let
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BR;

TRUNCATION

Figure 4.7: Truncating the partial remainder.

{s,}a denote truncation of s, to A bits, and let ¢; be the error we get from truncating s,:
S0 = {5} + (4.24)

where ¢; depends on the representation used for s,. We implement the function g_select(3R;, D)
as follows:

{seta <{ORi}a <{sgr1}a = qip1 = ¢. (4.25)
The comparison functions are now ‘staircases’ as shown in Figure 4.8. The case § = [ cor-
responds to a full-precision comparison. A § which results in a valid quotient digit selection
function therefore always exists.

D

1 Lq {sq}a Ug—1

[T

BR;

Figure 4.8: Truncated comparison.

4.3.2 Truncation Errors

Given that the partial remainder and the comparison functions may be in a number of different
encodings and in either redundant or non-redundant representation we give the corresponding
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truncation errors here, for later reference.

Comparison Functions

We shall usually require that s, is in 2’s complement encoding. The range of the truncation
error is then, keeping in mind that s, has [ fraction bits:

e € (0,27 —271]. (4.26)

Partial Remainder

The partial remainder is in one of these three encodings:

2’s complement We truncate to § fration bits, hence the range of ¢g:

CR(2e) € [0,2—5 - 2—’] . (4.27)

Carry-Save We allow for different truncations of the carry and save registers, p and r bits
respectively. The range of this truncation is:

CR(es) € [07 9P 497 _ 9. 2—’} : (4.28)

Borrow-Save The borrow and save parts are truncated to n bits of negative weight and p
bits of positive weight:

ER(hs) € {—2—71 yolop 2—’} : (4.29)
4.3.3 TFraction Bits

Let us find an expression for 4, the number of fraction bits, required in the comparison; &
should be chosen so that (4.8) is satisfied. First look at the lefthand side in (4.25):

{BR:}a {s¢}a

>
BR; > s;— ¢ +eR.

The selected digit is ¢ so we have 3R; > L,, leading to the requirement:

s —€s+er > L,
8¢ > Ly+es—¢pr
s, > L,+ max(e; — €R)
sq > Lg+maxe; — mineg.
Now for the righthand side of (4.25):

{BR}A < {s¢r1)a

{BRi}a < A{sq+1ta —ulp {BRi}a)

{BRi}a < {sya}a—-27°

BRi < sqp1—270 — €, +en.
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We have R; < U, so we demand:

Sq41 — 270 _ es+er < U
Sq41 < Ug+ 270 4 e, —en
Sq41 < Ug+ 270 4 e, —en
Se1 < Uy + 270 4 min(es — €r)
s < Uji + 27% 4 min €; — MaX €R,

where the final inequality follows from the fact that equation (4.25) is also valid for ¢;41 = ¢—1.
The chosen comparison functions and § should thus satisfy the following two relations:

L, + maxe; — minep, (4.30)
Ujmi + 27% + min €, — maxep. (4.31)

84 2
sg <

However, since it simplifies the following expressions, we shall usually use the following tighter
bounds.

L, +supe; —infep, (4.32)
Ujmi + 270 +infe, — SUp €R. (4.33)

84 2>
sg <

In order for such a s, to exist we require:

Ug—1 + 279 +inf €5 — SUP €R
Uq—l - Lq

> Ly+supe;, —infep
> +4supeg —infegp —infes +supeg — 20

Since the lefthand side is always positive and the righthand side only depends on &, the
last inequality can always be satisfied by making & large enough. The number of fraction
bits &, required in the comparison, thus depends on the chosen comparison functions, the
representation, and the encoding used for the comparison functions and the partial remainder.

4.3.4 Integer Bits

We now calculate the number of integer bits 7, required to represent {SR;}a, and {s,}a.
The upper bound on the value of {FR;}A is:

{BR}a < max(BR;— cp)

{BR}a < [max(ﬁRi—eR)-Q(gJ-Q—(g (4.34)

{(BR}a < (B0 —ulpD)p—infen) -2°| 275, (4.35)
And the lower bound:

{BR}a > [(B(=1+ulp D)p —supep) - 27| 270, (4.36)

To determine the number of integer bits needed, we calculate the number of bits needed for
the upper bound and the lower bound respectively, and use the one that requires the largest
number of integer bits.



4.3. DIRECT COMPARISON 25

The upper bound gives us the following lower bound on 7, which includes the sign bit:

2770 > [(3(1—ulp D)p—inf e) - 2°| 278 (4.37)
o> [bgz ({(5(1 —ulp D)p — inf ep) -25J : 2—5)] ey (4.38)
The lower bound leads to:
27l > [(ﬁ(—l +ulp D)p — sup eg) -25] .98 (4.39)
o> [bg2 (— [(ﬁ(—uulp D)p — super) -zﬂ -2—5)] +1. (4.40)

Thus, given the number of fractional bits ¢, we can determine the number of integer bits
required.

4.3.5 Choice of Comparison Functions

When choosing our comparison functions s,, we should choose ones which are simple to
generate. The comparison functions must be chosen in the interval:

Sq € | Ly +supes —infer, Uymq + 270 4 infe, — supep| . (4.41)

Possible choices are:

s; = Uy—1 = (¢—1+p)D: This is only useable for p = 1, where we then have: s, = ¢-D.
This choice is not possible for carry-save partial remainder, since the truncation error
is too large. For p < 1 we get comparison functions which requires a division by a
non-trivial multiplum of D, for example (2/3)D.

Uq—l‘l‘Lq _ (2(]—1)
2

84 = = = D Since this is independent of p we can use this for all digit sets.

sq = L4t This choice is only valid for a full-precision comparison and using the bound

(4.30).

S =T - 2_5/7 where x is an integer representable in 7 bits, and ¢’ < §. Later we shall
see when this choice is applicable.

In the following we shall restrict the comparison functions to the first two types, or to §-bit
constants.

4.3.6 Performing the Comparison

2’s complement Partial Remainder

For a 2’s complement partial remainder the comparison is performed by a sign detection on
the implied borrow-save encoding;:

({BR}a)* = ({sg}a)". (4.42)
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Redundant Partial Remainder

Assume that we are using Method 1 of Section 2.6 to perform the comparison. After as-
similating the redundant partial remainder we may choose to perform the sign detection on
the resulting borrow-save number using  bits, where § is smaller than the initial truncations
applied to the redundant parts. The advantage of this approach will become apparent later
on. In the case of the equivalent Method 2 of Section 2.6, this second truncation corresponds
to a redundant subtraction of size equal to the larger of the two truncations, followed by a
d-bit sign detection, on the redundant result. This addition and truncation introduces an
additional error, subject of investigation.

Carry-save encoding

The truncated non-redundant partial remainder is formed as follows:

{8R}s = { ({BR)), 4, +{BR) Yy, ) |

where § < g = max{p,r}. The range of the error originating from the second truncation is:

4.43
T+8 ’ ( )

CRadd) € {0,2—5 - 2—9} . (4.44)
The total truncation error is then:
€R = €R(cs) T €R(add)
c {07 2P 497" — .97l 4 975 _ 2_9]
= 0,270 427 minGd g 071) (4.45)

Observe that the case p = r = [ is equivalent to the case with a 2’s complement partial
remainder, as expected.
Borrow-save encoding

The truncated partial remainder is again formed by an addition, and a second truncation:

{BR:}a = {({(ﬁRi)S}W - {(ﬂRi)b}W)} , (4.46)

T+8

where § < g = max{p,n}. The range of this error is:

€R(add) € {0,2—5 - 2—9} . (4.47)
And the total error is:
€R = €R(bs) T €R(add)
e [-am42l2r 2t g o] (4.48)
_ {_2—” ol g7p 498 g max{pn) 2—1} . (4.49)

Observe that having n > p always leads to a larger error range than p > n. Thecasep=n =1
is again equivalent to the 2’s complement case.
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4.3.7 Comparing only with Positive Comparison Functions

To reduce the size of the division circuit, we may perform only the comparisons involving the
positive comparison functions. In Section 4.2 we saw that we can use only the positive selection
bounds. We describe how to apply this principle to the truncated comparison functions.

The comparison can be divided into two cases. If {3R;}a > 0 then we proceed with the
comparison as before. However when {#R;}a < 0, we wish to compare a transformed value
{BR;}\, with the positive comparison functions, in such a way that —¢ is the correct quotient
digit, when ¢ is the quotient digit determined by the comparison. This gives us the following
implementation:

{BR:}a > 0:{sy}a <H{BRIA < A{Sg+1}a = ¢+1 =24, (4.50)
{BR}A < 0:{sg}a <{BR}YA < {Sq41}a = qiy1=—¢. (4.51)

Let ¢ps be the error corresponding to truncating SR’

BR; = {BR:}rn + €. (4.52)

The case {#R;}a < 0 implies
{BRi}a+er € [L—g, U-(] (4.53)
{BR}ni + err € [y, Uy (4.54)

Since the quotient digit selection intervals are symmetric around SR; = 0, we have
L_,=-U, U_,=-L, (4.55)
From 4.53 we see

{BR}a+€er >
{ﬁRZ}A 4+ inf €ER > —Uq
— ({ﬁRZ}A 4+ inf GR) <

and from 4.54 we have

{ﬁRZ}/A’ +ep < Uq
{BR}n +supery < Uy,
so we deduce
{BR YA +infep = — ({BRi}a +super). (4.56)
In an analogous fashion we get the equality,
{BRiYar+superr = — ({BRi}a +infer). (4.57)

Geometrically this means that we can determine the correct quotient digit by reflecting the
area of uncertainty in the D-axis, as illustrated in Figure 4.9. The reflection of the area
of uncertainty depends on the encoding of the partial remainder, so we analyze the three
possibilities.
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BR;

1BRita  —{BRi}ta

Figure 4.9: Reflecting the area of uncertainty.

2’s complement encoding Using (4.56) and (2.13) we get:

{BR:Yxs = —{BRi;}a —supegr — inf eps
= —{BR}a-2"°-0
= {BRi}a
and from (4.57) we get:
{BR}\s = —{BRi}a —infer —supep
= —{BR}a-0-27"
= {BRi}a

where the last equality is valid if § = §’. So the encoding of {#R;}’,, is obtained by forming
the ones complement of {3R;}a.

Borrow-save encoding Using (4.56) we get:

{BR:}x» = —{BRi}a —supep —infep
= —{BRi}a-27+27"

(4.57) gives us:

{BR}x+ = —{PBRi}a —infer —supep
= —{BR}a+27" 277

If we let p’ = n and n’ = p we have:

{BR}A = —{BRi}a (4.58)

So in this case we swap the borrow and save registers, to obtain encoding of {3R;}',,.
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Carry-save encoding Using (4.56) we get:

{BRi}ar = —{BRi}a —super —infep

—{BRIA -2 =277 -0

= _({(ﬁRi)c}7+p + {(ﬁRZ’)S}T_H,) _97P _ 9"
= {(BR)ryp + {(BR)*}71r

and (4.57) implies:

{BR;}xs = —{BRi}a —infer —supeps
—{BR}s—0—-277 — 27"
= —({(BR) Y ryp+ {(BR)*}rpy) —27F =27
= {(BR)}r4p + {(BR)*}r4r

where the last equality is valid if p’ = p and r’ = r. For carry-save we invert the truncated
carry and save registers.

In all three cases the extra work, resulting from using only the positive comparison func-
tions, is small. One problem remains, namely how to determine the sign of {fR;}a. For R;
in 2’s complement form we can just examine the sign bit. For R; in redundant form we need
to convert {#R;}a with § fractional bits, to non-redundant form, from which an ‘approxi-
mate’ sign can be determined. If that number is negative then we use the transformed value
{BR;}\. And if it is non-negative then for 2’s complement and carry-save we know that SR;
is non-negative. For borrow-save we know that § is selected so that (4.8) is satisfied, which in
turn means that GR; > Lg. So in all cases we know that §R; is within the selection intervals
corresponding to the non-negative digits.

4.3.8 Using only Positive Truncated Comparison Functions

Another way to reduce the size of the division circuit, is to perform all the comparisons,
but using only the positive truncated comparison functions. The comparisons with the non-
positive comparison functions are then performed using derivations of the positive comparison
functions. This only makes sense whenever the non-positive comparison functions are the
additive inverse of the positive ones, as is the case of s, = (2¢ —1)D/2. This is equivalent to:

{sq}'A, +infegy = — ({s4}a +supe,), (4.59)
{sq}ar +supes = — ({sg}a +infe). (4.60)

For a 2’s complement encoding this implies that we must form the negative comparison
functions as the ones complement of the positive comparison functions.

4.3.9 Using Constant Comparison Functions

Since we have to compute and possibly store the comparison functions, it would be preferable
if we could choose a constant. l.e. one that is independent of D, and is representable in
6 fraction bits. If we can use a constant that requires less than & fractional bits, then the
resulting comparison is simpler. Let us develop an expression for when we can use a constant,
as a comparison function. Let s, be a constant representable with § fractional bits. We use
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(4.32) and (4.33) as bounds on s,. Since s, is representable with § fraction bits we have ¢; = 0

s0:
[(maXLq — inf eR) 25-‘ 2_57
D
{(ml%n Uy—1 —super + 2_5) 25J 279,

Condition for the existence of such an s,:

\‘(ml%n Uj—1 —super + 2_5) 25J 278 > [(mngq — inf eR) 25-‘ 279, (4.61)

This requirement is shown in Figure 4.10. For ¢ > 0 we have:

v

Sq

IN

Sq

D
—infegr
H Upmr +27°
BR;
0L, H
sup er

Figure 4.10: Condition for constant comparison function.

{((q -1+ p)% — supegr + 2_5) 25J 279 > [((q —p) —inf eR) 25—‘ 2793, (4.62)
and for ¢ < 0:
K(q — 1+ p)—super+ 2_5) 25J 278 > [((q — p)% — inf eR) 25-‘ 2793, (4.63)

The positive quotient digits, for which we can use a constant comparison function are
shown in Tables 4.1, 4.2 and 4.3.

Notice that in the carry-save case we sometimes need one bit less for ¢, compared with the
borrow-save case. In general we can only use a constant for ¢ = 1 if the degree of redundancy
is sufficiently high. Likewise for § > 4 we can use a constant in the case ¢ = 2 if we use
a non-redundant encoding of the partial remainder, and a maximally redundant digit set.
When choosing the value of the constant comparison functions the following bounds should
be satisfied for ¢ > 0:

IN

K(q —1+ p)% —sup eg + 2‘5) 25J 27 (4.64)

{((q —p) — inf eR)Qﬂ 27", (4.65)

Sq

v

Sq
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15 al{g)[5]
211 1 1
4121 0
41311210
sS4 0
815 1
816 1
87| 1,2

Table 4.1: Constant comparison functions for 2’s complement partial remainder.

L6 e [{at[p]r]d]
2011 [1|1]0
4121 0
4 3] 1 |1]1]0
S 141 0
85| 1
816 | 1
8| 7] 1
16| 8| 0
1609 | 0
16 [ 10| 0
1611 1 |5|5]4
16112 1 [3[3]|2
1613 1 [3]3|2
1614 1 [3[3]|2
1615 1 |1]1]0

Table 4.2: Constant comparison functions for carry-save partial remainder.



32 CHAPTER 4. SRT DIVISION

LAl a{ad|p]r]d]
2 1] 1 |1|1]1
4121 0
4131 1 |1|1]1
S 141 0
85| 1
816 | 1
8| 7] 1
16| 8| 0
1609 | 0
16 [ 10| 0
1611 1 |5|5]4
16|12 1 [3]3|3
16|13 1 [3]3|3
1614 1 [3[3]|2
16115 1 |[1|1]1

Table 4.3: Constant comparison functions for borrow-save partial remainder.

And for ¢ < 0:
s, < K(q — 1+ p)—super+ 2_5) 25J 27° (4.66)

s > ’7(((] - p)% ~inf 63)25-‘ 275, (4.67)

4.3.10 Results

The number of bits required in the comparison depends on a number of factors, namely the
representations used for the partial remainder and the comparison functions, as well as the
choice of comparison function. A single expression for A, can therefore not be derived, but
we can derive expressions for the possible encodings of the partial remainder.

Partial remainder in 2’s complement encoding

From (4.32), we get:

supe, —inferp < s5,— 1L,
2700 < s,— 1,
_5 .
27 -0 < ml%n(sq —Ly)
b > [— log, (ml%n(sq — Lq))-‘ . (4.68)
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From (4.33), we get:

super —infe, < Up_y — s, + 20
2700 < Upq—s,+27°
0 S Uq_l — Sq¢-.

This is always satisfied, because of (4.22). To minimize 6, s, should be chosen close to U,_;.
Note that the closer we get to s, = L, the closer we get to requiring, § = [, i.e. a full-precision
comparison.

Carry-Save

Assume that p > r. This assumption can be made since the carry and save registers are
equivalent. We then get the following requirements on &, p and r:
From (4.32) and (4.45), we get:

supe, —inferp < s5,— 1L,
_s .
27 -0 < ml%n(sq —Ly)
b > [— log, (ml%n(sq — Lq))-‘ . (4.69)

From (4.33) and (4.45), we get:

Uq_l -S4+ 2_5
ml%n(Uq_l —5)+27°¢

sup €g — inf ¢
2—5 + 2—min{p,r} -0

ro> [— log, (ml%n(Uq_l — sq))-‘ . (4.70)
In this case we can determine ¢ and r once s, is chosen. To minimize ¢ we should thus choose

s, close to the middle of the interval [L,, U,_;]. Choosing s, close to L, or U,_y requires a
full-precision comparison.

Borrow-Save

From (4.32) and (4.49), we get:

sup €; — inf eg
270 4277

From (4.33) and (4.49), we get:

sup €g — inf ¢

IAN A

27P 4 2—5 B 2—max{p,n} -0

9—p _ 9—max{p,n}

A
2,
=

=

L
|
..an
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For the case § = p = n, we get:

) )
27942 < sg— 14

5 > [—logz (‘Sq;iLqﬂ (4.71)

0 S Uq_l—Sq.

vV

and

The latter is always satisfied, because of (4.22). Here we should also select s, close to U,_q,
to minimize 9, and we cannot select s, = L.

4.3.11 Examples

Table 4.4 shows, § and A, the required number of bits in the comparison, for some of the
common implementations. The number of bits required in the comparison is A = 7 + ¢é.
However, if we perform the positive comparison then we need A — 1 comparisons. Note that
if we want to choose s, = U,_1, we can only use 2’s complement or borrow-save encoding. But
if we want to choose s, = (U,—1 + L;)/2 then carry-save encoding is preferred over borrow-
save encoding. Vice versa if we want to use a specific representation for the partial remainder,
then there are some s,’s which are more suited than others. All results were calculated using
the equations derived in Section 4.3.10, and from Tables 4.1, 4.2, and 4.3. Notice that in the
cases with redundant partial remainder and less than maximally redundant digit set there is
an advantage in truncating the partial remainder to more than A bits.

Radix 2

Here we have § =2, a =1, and p = 1.

2’s Complement Encoding of Partial Remainder This is the simplest possible imple-
mentation of the division algorithm. We choose s, = U,_; = ¢D, or equivalently sy = 0,
and sy = D. However, it is evident from Table 4.1 that we can use a constant comparison

function s;. From (4.64) and (4.65) we see that we can choose sy € [0,1/2]. Since we require
s1 > sp we choose s; = 1/2.

Carry-Save Encoding of Partial Remainder We use p = r = § = 1. The bounds on
the comparison functions are calculated using (4.64)-(4.67).

so € [=1/2,0—27°]
and

s, € [0,1/2—279
With § = 1 we can choose s, = {—1/2,0}.

Radix 4, Minimally Redundant

Here we have § = 4,a = 2, and p = 2/3. For this case there are several possible implementa-
tions. We will examine some of the possibilities.
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‘ B ‘ a ‘ R; encoding ‘ 54 ‘ T ‘ P ‘ n,r ‘ o ‘ A ‘ comparatorsk
2 | 1| 2’s complement q/2 3 (1] 1 [1x|3 240
211 borrow-save q/2 311 1 1x | 4 240
211 carry-save —q/2 3 (1] 1 |1x|4 240
412 borrow-save (Ug1+Ly)/2 13|15 5 |5 |8 0+4
412 borrow-save (Ug1+Lg)/2 136 4 |4 |7 0+4
412 carry-save (Ugma+Lg)/2 134 4 |4 |78 0+4
4|3 | 2’s complement Ug—1 411 1 1 5 i 442
413 borrow-save Ug—1 4 |2 2 2 6 2+4
413 carry-save (Uga+Lg)/2 1412 2 |2 |6 244
8 | 4 borrow-save (Uj1+Lg)/2 1416 6 |6 10 048
8 | 4 carry-save (Ugmr+Lg)/2 1415 5 |5 048
8 | 7| 2’s complement Ug—1 511 1 |1 |63 4410
817 borrow-save Ug—1 512 2 2 2+12

Table 4.4: Bits required for direct comparison.
*: The first number is the number of comparators corresponding to the constant comparison
functions.
*: Since the comparison functions are constants representable in 1 fraction bit, we only need
1 fractional bit in the comparison.
T: The hybrid radix-2/radix-4 implementation described in [10] can be modified into this by
splitting case 1, into two radix-4 cases.
I: Same as [11].
§: Same implementation as [19]. They required A = 8.

Borrow-save encoding of partial remainder The choice s, = U,_; leads to: s_; =
—(4/3)D,so = —(1/3)D, sy = (2/3)D, sy = (5/3)D. But since we cannot form these com-

parison functions easily we turn our attention to another set of comparison functions. If

we want simpler comparison functions, we can choose s, = (U,—1 + Lg)/2, or equivalently:
s.1 = —(1/2)D,so = 0,51 = (1/2)D, s, = (3/2)D. Let us calculate § for this choice. From

(4.71) we get:
We—-17T4qg) 1+L
§ > | —log, q)-‘

(—

e Bt
- [ ()]

500

<

- [
)]

= | —log,




36 CHAPTER 4. SRT DIVISION

Again the maximum value of the lower bound of § is obtained at D = 1/2,

1 1
D== o> | =1 — =
2707 [ °g2(24ﬂ >

0>b=A>5+17-1=T1.

This choice is shown graphically as a staircase in the PD-plot in Figure 4.11. From Table 4.4

D

! i

W=

4R;
1 2 3 4

Figure 4.11: PD-plot for 8 =4,a =2,s, = M, d=5.

we see that by using 6 and 4 bits of the borrow and save parts we can use § = 4 and thus one
bit less in the comparison.

Radix 4, Maximally Redundant

Here we have 3 =4,a = 3, and p = 1.

Borrow-save encoding of partial remainder We can choose s, = U,_; = ¢D, giving
us: S_9 = —2D,5_1=-D,s0=0,81=D,s9 = 2D, and s3 = 3D. Let us calculate § for this

choice. From (4.71) we get:
i 1 —L
2 [ (U]

- [ (5)]
- e8]
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The maximum value of the lower bound of § is obtained at D = 1/2,

1 1
D:§§5Z—10g2(1):27
0>2=A>24+7-1=05.

This choice is shown graphically as a staircase in the PD-plot in Figure 4.12.

D

1

W=

4R,
1 2 3 4

Figure 4.12: PD-plot for 3 =4,a=3,s, = U,_1,0 = 2.

Carry-save encoding of partial remainder As mentioned above we should choose s,
close to the middle of the interval [L,, U,_1], so we choose s, = (U;—1+Ly)/2 = (2¢—1)D/2,0r
s_g=—(5/2)D,s_1 = —(3/2)D,so = —(1/2)D, sy = (1/2)D, s, = (3/2) D, and s3 = (5/2)D
From (4.69) we get:
g—1 + L )-‘
q

(B
= [y (2 Lqﬂ
- [ (522)
(]

Note that this is exactly the same result we obtained for the borrow-save encoding with

Sqg = Ug—1-
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4.4 Table Lookup

The table lookup method is by far the most popular implementation of the quotient digit
selection function. It recently became famous due to the Intel Pentium bug [3].

In the direct comparison method we implemented equation (4.16) by performing the com-
parison directly. The flexibility in that implementation is limited by the constant relation
between the comparison functions and the divisor D, over the interval [min D, max D]. A
more flexible implementation can be obtained by allowing the selection bounds to variate
over that interval. This method is known as the table lookup method [5] since the resulting
quotient-digit selection function can be depicted as a table, where we use § bits of the divisor
D, and ¢ bits of the shifted partial remainder, S R; as inputs to a lookup table, to determine
the next quotient digit, as shown in Figure 4.13. In [4] Neil Burgess and Ted Williams did an

BR;
% f
LOOKUP é
TABLE ’ D
qi+1

Figure 4.13: Table lookup.

analysis of the number of bits required to determine the next quotient digit. Oberman and
Flynn [14] have investigated actual implementations of different tables, based on a similar
analysis. In the following we shall develop an expression to determine valid truncations of the
divisor and the shifted partial remainder respectively. For simplicity we will use the common
term {#R;}. to denote truncation of the partial remainder to ¢ bits, just as we used {SR;}a
in Section 4.3. If gR; is in redundant representation we will allow different truncations of the
two redundant parts. Let e be the error corresponding to the truncation of SR;:

BR; = {BR:}. + er. (4.72)

The range of ep will depend on the encoding of SR; and the truncations of SR;, subject to
later investigation. Let 7 be the number of integer bits needed to represent {3R;}., let f be
the number of fraction bits in the truncation, and let [ be the number of fraction bits used in
the representation of SR;. We then have ¢ =7+ f. Let D € [1/2, 1] be the divisor, let {D}s
denote truncation of D to ¢ bits, and let ¢p be the corresponding truncation error:

D={D}s+ep. (4.73)

Now partition the interval [1/2, 1] into 29=1 parts of equal size. Since D is truncated to &
fraction bits, and normalized to the interval [1/2, 1] we can write the truncated divisor on the
form:

1
{D}s =5+ m27°, (4.74)
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where m is an integer satisfying m € [0, 25_1[. Let s, be a function of D which is constant
on each of the intervals [{D}s 4+ min ep, {D}s + max ep], and is representable with f fraction
bits. We can then write s, on the following form:

vo2™f i De[1/2,1/2+4 277

Sq = 270 i De[1/2+m27% 1/24 (m+1)277]

g5 270 i De 1724 (25 —1)270 1]

where g, ..., x9s-1_1 are integers representable with 7 bits. We use the following implemen-
tation of g_select(GR;, D):

{sg}e <{BRi}e <{Sg1}e = qit1 = ¢. (4.75)
We want to perform this comparison on each interval of D, in parallel. This can be achieved
indirectly by constructing a two-dimensional table, using truncated values of D and gR;.
4.4.1 Truncation Errors
Divisor

The divisor is in 2’s complement encoding:
ep €10,27° — ulp D]. (4.76)

Partial Remainder

The truncation errors are identical to the ones given in Section 4.3.2.

4.4.2 Fraction bits

We will now determine what values of §, and truncations of GR; result in a valid selection
function. In analogy with the direct comparison case we get the following equations, from

(4.75):

Sq L, + maxe; — minep (4.77)

>
< U,_1+ mine; — maxeg + 277, (4.78)

Sq

Since s, is given with ¢ bits we have €, = 0, which gives us the following bounds on s,:

s, > L,—minep (4.79)

s < Uy—y —maxer+ 21, (4.80)
We will use the tighter bounds:

s, > L,—infep (4.81)

sq < Uj_y —super+ 27, (4.82)
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These expressions have to be satisfied for the interval D' € [{D}s 4+ minep, {D}s + maxep],

so we get:
5 > mDa/X L, —infep
54 < Hll)IIH Ug—1 —supeR—I—Q_f.

And because s, has f fraction bits:

[(%@XL(] —inf eR) Qf-‘ 21

{(rrlljl/n Uj—1 —super + Q_f) QCJ 21

v

Sq

IN

Sq

Condition for the existence of such an s,:

\‘(Hll)l/n Uy—1 —super + Q_f) QfJ 2~/ > [(maXLq — inf eR) Qf-‘ Q_f,

D/

where minp Uy,—y and maxps L, are given by:

q>0:
max L, = (¢—p) {D}s+ maxep)
= (¢—p) (% + (m+1)27° —ulp D)
minUp—y = (¢—14p) ({D}s +minep)
= (¢—1+p) (%er?“g) :
q<0:
max Ly = (q—p) {D}s +minep)
= (=) (3+m)
minUp—1 = (¢~ 1+p) {D}s + maxep)

= (¢—14p) (%—l—(m—l—l)Q_é—ulpD).

We then have the following equations:
q > 0:

K(q ~1+p) (% +m2—5) —supen _|_2—f) QfJ ot >
K(q - p) (% +(m+1)27° —ulp D) ~inf eR) wa o,

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)
(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)

(4.96)
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g <0:

K(q —1+p) (% +(m+1)27°% - ulpD) — supep +2—f) QfJ 2=/ >

K(q - ) (% + m2‘5) — inf eR) Qﬂ 277, (4.97)

Equations (4.96) and (4.97) should be evaluated for every possible value of ¢ and m to
determine valid choices of § and valid truncations of GR;. If 2f sup €gr and 2/ inf ep are
integers then equation (4.96) is identical to equation (14) in [4], where its derivation is based
on Robertson diagrams. This is the case when ¢ denotes the larger of the two truncations,
and in the 2’s complement case.

4.4.3 Integer bits

We now calculate the number of integer bits, 7, required to represent {SR;}.. The upper

bound on the value of {GR;}. is:

{BR}. < max(BR; — ep) (4.98)

(R} < |max(8R; —ep)-2f| 27/ (4.99)

{BR}e < [(B(1—ulp D)p—infeg) -2/ | .27/, (4.100)
And the lower bound:

{BR:}. > [(B(=1+ulpD)p—super)-2/]-277. (4.101)

To determine the number of integer bits needed, we calculate the number of bits needed for
the upper bound and the lower bound respectively, and use the one that requires the largest
number of integer bits.

The upper bound gives us the following lower bound on the number of integer bits, including
the sign bit:

2771 > |(B(1—ulp D)p—infeg)-2/) .27/
> [logy([(B(1— ulp D)p — inf eg) 2] - 27N)] + 1, (4.102)
Lower bound:
2771 > —[(B(=1+ulp D)p—supeg) - 277277
7 > [logy(—=[(B(=14ulp D)p —super) -2/1-27)] + 1. (4.103)

Thus, given the truncations of SR;, we can determine the number of integer bits required.

4.4.4 Table Inputs

For a redundant partial remainder there are two possibilities when using the inputs of the
partial remainder to the table.
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(OR:)* (BR;)

T+ p T4+

LOOKUP | s
TABLE D

di+1

Figure 4.14: Direct input of bits.

Using Inputs Directly

Assume that we are using a carry-save encoding for the partial remainder. The first option
is to use the 2.7+ p+ r inputs from the carry and save parts, together with the § bits of D,
as shown in Figure 4.14. In this case we have for the possible encodings of G R;:

2’s complement

ep €[0,27F =271, (4.104)
carry-save
€R(es) € sz—p4-2—f-2-2—q. (4.105)
borrow-save
CR(bs) e{—z—“-+2—22—p-2—q. (4.106)

Assimilating Redundant Inputs

Assume that the partial remainder is in carry-save encoding. To reduce the number of inputs
to the table, we can assimilate the p 4+ r inputs from the partial remainder by using a small
carry propagate adder to compute a 2’s complement truncated partial remainder, and using
7+ f < 74 g bits from it as input to the table, where ¢ = max{p,r}. This procedure
is illustrated in Figure 4.15. The total truncation error is then the sum of the error from
truncating the partial remainder plus the error resulting from using the CPA, namely €g(cpq)-

€R(epa) € [0,277 = 279], (4.107)
If f = ¢ then we have the same error as in the case without CPA.
carry-save f < g = max{p,r}

€ER = 6R(cs)—I_éR(cpa)

c sz—p4-2—f-2-2—14-2—f-2—ﬂ

_ PLQ—fﬁ_Q—HmﬂpJ}__Q.Q—q‘ (4.108)
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(OR:)* (BR;)

T+ p T4+

7 4 g-BIT CPA

T+ f

LOOKUP | b
TABLE ’

di+1

Figure 4.15: Assimilating table inputs.

borrow-save f < g = max{p,n}

€ER = 6R(bs)"’éR(cpa)

€ ) 2—17 27P 4 o=f _9-9 _o-l| (4109)

Observe that supep — inf €g is identical for carry-save and borrow-save in both cases. This
means that equations (4.96) and (4.97) give the same result for either encoding, when f = g.

4.4.5 Using only Positive Selection Bounds

In Section 4.2 we saw that we can use only the positive selection bounds. The comparison
can then be divided into two cases. If {3R;}. > 0 then we proceed with the comparison as
before. However when {3R;}. < 0, we wish to compare a transformed value {#R;},,, with the

positive selection bounds, in such a way that —g¢;41 is the correct quotient digit, when ¢;14 is
the quotient digit determined by the comparison. This gives us the following implementation:

{BRi}c 2 0:5y <{BRi}c <5041 = Giv1=4¢ (4.110)
{BR;}.<0: 54 < {ﬁRZ}/C/ < Sg41 = Gix1 = —4. (4.111)

Since the quotient digit selection intervals are symmetric around SR; = 0, we can determine
the correct quotient digit by reflecting the area of uncertainty in the D-axis, as illustrated in
Figure 4.16. This gives us the following two expressions:

{BRi}. +supery = —({BRi}e +infer), (4.112)
{BR;}., +infep = —({BRi}.+super). (4.113)

These equations are identical to the ones in Section 4.3.7. The encoding of {GR;}, is
therefore obtained in the same manner. For the results we refer to Section 4.3.7.
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Uq

BR;

{BR:}c —{BR:}c

Figure 4.16: Reflecting the area of uncertainty.

4.4.6 Results

Table 4.5 shows the required number of inputs w to the lookup table, when using a 2’s
complement partial remainder. It was constructed by writing a small program which records
valid truncations.

Tables 4.6 and 4.7 show the total number of bits, w, we require as input to the lookup table
for carry-save representations of 3R;. The number of fractional bits of S R; is denoted by p and
r. The table was constructed by writing a small program which records values of p,r, § and
7 that result in a valid selection function, according to equations (4.96), (4.103), and (4.102).
To reduce the table size we can insert a small 74 f-bit carry-propagate adder to compute the
non-redundant representation of the redundant partial remainder to f < max{p, n} bits. The
total number of bits needed as input to the table is then given by w = f+ (§ — 1) + (7 — 1).
Note that the most significant bit of D is not used since D is normalized. Also the msb of
{BR;}. is not used, because we only use the positive part of the table. The results are almost
identical to the ones in [4], when f = max{p,r}. The main difference is the number of integer
bits needed, which is wrong in [4].

Although w is a measure of complexity for the table, a more detailed analysis was made
n [14], by calculating the actual amount of logic needed to implement the tables as a PLA.
Using f < ¢ does not necessarily result in a lower w, however it could reduce the number of
PLA terms, since the resulting bounds on s, are looser.

4.4.7 Examples

Once the required table size has been established, there are several ways to implement it. In
this section we will look at some examples. We define L, and U,_; as:

L, = KmDa/x L, —inf eR) zﬂ 27¢ (4.114)
Upy = Kr%m U,_y —sup eR) QCJ 274 27° (4.115)

The lookup table can now be constructed by computing for all ¢ the bounds Eq and (NJq_l,
and selecting the s, € [Ly, U,_1], which needs the fewest fractional bits.
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| Blafr[s] 8] w]
21 1130 1| 2
41 21313 4] 8
41 31412 2] 5
8| 4141 4| 8|14
8| 4145 714
8| 4]14]|16| 6|14
8| 75| 1| 610
8| 7152 41 9
16| 8155|1119
16| 81516 9119
16| 81518 819
161516 1| 9|14
16 15|16 2| 6|12
16 15|16 3| 5|12

Table 4.5: Table Lookup truncations for 2’s complement partial remainder.

Radix 2

2’s complement From Table 4.5 we see that we can use § = 1, meaning that the quotient
digit can be determined independently of the divisor. We can find the next quotient digit
by inspecting the partial remainder only. Using only the positive part of the table, corre-
sponds to using the sign of the partial remainder to determine the next quotient digit. This
implementation is the well-known non-restoring division.

carry-save Let R; be in carry-save form. From Table 4.6 we see that § = 1 indicating that
the table is independent of D). The resulting table is shown in Table 4.8.

Radix 4, Minimally Redundant

Let R; be in carry-save form. From Table 4.6 we see that we can use § =4, p=r =c¢ =4 and
7 = 3 bits for the table. A possible implementation is shown in Table 4.9. The corresponding
PD-plot for the positive half is shown in Figure 4.17. The constructed table is exactly the
same as Table 3.4 in [5].
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plalrlp|r|s]o] w]

DWW F|OC || M H I NN N| A O A ]| O[O F| N~ |O|OD

—~ ]~ ] A A~ ] A |[A|[ ]| A ]|~ [ A ]| A |~ |~ | A~ ]|~ ||
N0 (- |- [ Q| QO [([- ]| Q| Q|- (DO (=[O |0 (10|10 |[QO|<F |~ 0| |0
TN D[ Q| W[ |I-|F|WO|F|MN|(O|F | F|IO[MO|F[F|MNM[N|O0|N ||| N
TN D[ | O[O |- |M | F|F| F|ION|N[O MM |F[F|ON |||
TN Q| (|- |F|WO | F|F|O|W|IF|ILMO|F[(F|F[F|SHIN|D|O|N
N I FIFI I FIF|IF|IFIFF|IF|F|IFF(F|F|F|F| T T 0|00
N[ |F|(F| (T | (DO |0 |10 |0 (10|10 [Q|O (O | O[O |©|([©|© |~ |I=|=]|I-
H [ |00 [0 |00 [0 |00 [C0O|CO|C0O|C0 |00 |00 |[0|00 (0|00 |(C0|00|[0|0 || |0O]|X0

Table 4.6: Table Lookup truncations for redundant partial remainder radix 2-8.
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|l afrlp]r]c] 8] w]

|l elrlp|r][f] o] w]
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Table 4.7: Table Lookup truncations for redundant partial remainder, radix 16.
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| Dy | 12 ]
Lo, U_y | -1/2,-1/2
S0 -1/2
L, U 0,0
S1 0

Table 4.8: Selection intervals and selection bounds for radix 2, with carry-save partial re-

mainder.

| Dy | s | 9 |10 | ou | 12 | 13 14 15
(Z_I,CCQ) 16 | -13-13 | <1515 | -16,-16 | -18-17 | -20,-19 | -21,-20 | -23,-21 | -25,-23
51 13/16 | -15/16 | -1 9/8 | -5/4 | 5/4 | -11/8 | -6/4
(EO,EC4) 16 | 54 | 65 | 65 | -7-5 | -8-6 | -8-6 | -9-6 | -10-7
S0 14 | -3/8 | 3/8 | -3/8 | <12 | <12 | <12 | oc1p2

(fq,éb)-16 3.4 45 45 46 5.7 5.7 5.8 6,9

s 4 | /a4 | e | o4 | o3s |38 |12 |2
(iz,ia) 16 | 12,2 | 1404 | 1505 | 16,07 | 18,19 | 19,20 | 2022 | 22,24

5 3/4 | 7/8 | 15/16 | 1 9/8 | 19/16 | 5/4 | 6/4

Table 4.9: Selection intervals and selection bounds for

carry-save remainder.

radix 4, minimally redundant with



4.4. TABLE LOOKUP

S5

1 2 3

Figure 4.17: PD-plot for 5 =4, a = 2.

4R,
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Chapter 5

Square Root

Like division, the square root operation is in a way the inverse to multiplication. We therefore
expect to find some similarities between the two. Unlike with division, we will only consider
floating-point square root, since integer square root is of little use. The implementation of
square root has usually received less resources than multiplication and division. Implemen-
tation of the IEEE floating point standard [9] requires a square root operation to be present.

Definition 5.1 (The square root problem.) Given X, the radicand, and a required par-
tial root precision ulp S, find S and R, the root and remainder, such that:

X =5+ R,
with

‘\/Y—S‘ <ulp$.

Just as for division, square root algorithms belong either to the digit serial class or the
functional iteration class. As before we only discuss the former.

5.1 Digit Serial Square Root

Let 3 be the radix, and let the root digits s; belong to some root digit set D = {a,...,0,...,b}.
Digit serial square root produces the partial root digits one at a time, most significant first
by iterating a recurrence n times, where n is the number of iterations needed to produce the
root with the required precision. Let S; be the partial root after ¢ iterations. The error at
step 1 is then defined as:

€ = ‘\/Y— Sil . (5.1)
To ensure that Definition 5.1 is satisfied, we keep the error bounded in each iteration,
€ = ‘\/)_(— S| < ulp S;. (5.2)

And we get €, < ulp S5,,.

51



52 CHAPTER 5. SQUARE ROOT

Using the notation from Chapter 2 we can write the partial root on the form:

—m1

Si= Y 557, (5.3)

i=—m
with s; € D. After n iterations we have the final partial root:

—m-4n

Sp= > 5670 (5.4)

j=—m
Since we are producing the root digits most significant first we have:
ulp Sip1 = B tulp S;, (5.5)

with initial root Sg, and ulp Sg = ™. We now develop a recurrence based on the above.
From (5.2) and (5.5) we get:

il < f7ulp Sp = 7™ (5.6)

Assume 5; > 0, which gives us:

—ATHT < VX -8 < g
Si—pTr < VX < ST
2 _I_ﬁ—2i+2m . QSZﬂ_H'm < X < 522 _I_ﬁ—2i+2m + QSZﬂ_H'm
JTEEI 29,87 < X = §E < I g g (5.7)

prAR 288" < BUX = SP) < BT 425,87

If S; = 0 we have:

0< VX <ptm
0< X < pgtm (5.9)
Unscaled Partial Remainder
Define a partial remainder:
Pi=X - S2 (5.10)

We then obtain the following recurrence:
B-l-l = X- Sz—l—l
2
= (5 +sipg g0 +m)

- X — 52 _ 82+1ﬁ Z-|—1 +2m 25 Sz—l—lﬁ Z-|—1 m

= Pi_s?—uﬁ A +2m 25;8i113~ (+1)+ (5.11)

with initial remainder,

Ro=X — SZ. (5.12)
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The bound in (5.7) gives us the following bound on P, if S; > 0:
Vi, S;>0: pTHEIM _ 99,371 P« gAML 96 gTHm (5.13)

If S; = 0 then: '
Vi,S;=0: 0< P <pg 2t (5.14)

The pair P,, S, satisfies Definition 5.1 because of (5.2) and (5.10). So we let R = P, and
S =5,

Scaled Partial Remainder

An alternate choice is to define a scaled partial remainder:
R; = 3'(X - S%). (5.15)
We then obtain the following recurrence:
Ry = B (X -S2)
: 2
= gt ( (5 +5i4 B0 +m) )
— ﬁi-l-l (X _ 522 H_ ﬁ Z-|—1 +2m 25 Sz—l—lﬁ Z-|—1 —I—m)
= BR; — 28541 ™ — 52, p DI (5.16)

From (5.15) we get the initial remainder:

Ro=X — SZ. (5.17)
We then require, for S; > 0
Vi, S;>0: =28+ /7" < Ry < 28; 4 g™, (5.18)
If S; = 0 then: '
Vi, S;=0: 0<R; <2843, (5.19)

Final Remainder Formation

The partial root 5, satisfies Definition 5.1 so we let S = S5,,. However, the partial remainder
R,, does not satisfy Definition 5.1, so we have to form the final remainder R from R,. We

have:
R, = (X — 5%, (5.20)
and we want
R=X-5? (5.21)
so we let
R=0""R,. (5.22)

We have to select the root-digit s;41 in the recurrence (5.30), so that R;4; is also bounded.
This is handled by the root-digit selection function,

sit1 = s-select(BR;, S;). (5.23)
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5.1.1 Digit Serial Square Root Algorithm

The developments made in the previous section leads us to the following algorithm, using the
scaled partial remainder:

Algorithm 5.2 (Digit serial square root algorithm)

Input: A radiz 3, a radicand X, a required root precision 3~"T™ and an initial partial root

So.
Output: A partial root and remainder pair S, R with X = S*> + R, and |[V/X — S| < g+,
Method:

RO =X - Sg,

fori:=0ton—1do

Sit1 = s-select(BR;, S;);
Riy1 = PR — 25isip1 ™ — 522+1ﬁ_(i+1)+m;

end; '
S = Z?:O 537
R:=0""R,;

The correctness of the algorithm follows immediately from the developments made in the
previous section. The object of an implementation is to make every step in the for loop as
fast as possible.

5.1.2 Block Diagram of the Digit Serial Square Root Algorithm

Figure 5.1 shows a block diagram of one square root iteration.
5.1.3 Floating-Point Square Root
Let X be an IEEE floating-point number:
X = (—-1)2FXx,. (5.24)

If s =1 then the result is NaN, so assume that s = 0. We can write X on the form:

X =2F'x,, (5.25)
where F' is even, and X5 is normalized to the range:

Xq € [1/4,1]. (5.26)

With result
VX =282 /X, (5.27)

and the range:

VX, € [1/2,1]. (5.28)
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LEFT SHIFT

BR;

ROOT DIGIT SELECTION

Sit1

ROOT MULTIPLE FORMATION

_9G. 6,1 — g2 —(e+1)
PARTIAL ROOT 25isit1 &+1ﬁ
FORMATION
ADDER
Sit1 Ry

Figure 5.1: Block diagram of square root iteration.

Because the exponent is handled trivially we shall focus on calculating the square root of the

significand X,. We have m = 0 and [ = —n so the root is on the form:
Sp=Y s (5.29)
=0
We will use the scaled partial remainder, with recurrence:
Ry = BR; — 255,41 — 522+1ﬁ_(i+1) (5.30)
and bounds:
Vi, S; > 0: BT —2S; < R; < B71 4+ 28; (5.31)
Vi, S;=0: 0< R <p". (5.32)

Since the result is scaled, we cannot have S; = 0 in every iteration. We now find a requirement
on i,

R; = f('X. (5.33)
X is normalized, so (5.32) implies:

1 .
Zngﬁ”ﬂ (5.34)

Since § > 2 we have ¢ = 0. The only iteration in which we can use 5; = 0 is therefore Sy = 0.
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Chapter 6

SRT Square Root

SRT square root has received little attention over the years, compared with division. An
analysis of the table lookup method is made in [5].
SRT square has the same characteristics as SRT division namely:

e The partial remainders are normalized.

e The radicand is normalized.

e A redundant digit set is used.

e Partial remainders may be in redundant representation.

In this chapter we shall develop a general theory for SRT square root in close analogy with
the developments made in Chapter 4.

6.1 Theory of SRT Square Root

Let § be the radix, and let X € [1/4, 1] be the normalized radicand. We will again use a
redundant symmetric digit set D,, with @ > 3/2. As in division the purpose of the root-digit
selection function, is to select a root-digit s;11, while keeping the partial remainder R;yq
bounded. Let the bounds on the partial remainders be B, and B;

Vi: B, <R;<B,. (6.1)

Let [L4(7),Us(¢)] be the selection interval of SR; for which we can select s;4; = s and keep
R;4+1 bounded.

BR; € [Ls(i),Us(i)] = Biyy < Riy1 = BR; — 255 — 52670+ < By, (6.2)
Now look at s;4+1 = a, the maximal root digit value. Here we have:
BR; = U, (i) = BR; — 25:a — a* =) = By, (6.3)

and
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Combining these we get:
AB; = Biyi+2Sia+ s~ (6.5)

The solution to this equation is B; = 2pS; + p?4~" which can be verified by inserting it in
(6.5), and keeping in mind that we are looking at s;31 = a. Unlike in division the bound
depends on the iteration index 7, which complicates matters. The expression for B; can be
found in an analogous way, giving us:

By ==2pSi+p*87", Bi=2pSi+p*67". (6.6)
The partial remainders thus have to satisfy the following bounds:

Vi:—2pS;i4 p?B7" < R; < 2pS; + p*p7". (6.7)
The initial remainder Ry must also satisfy this bound. If Sy = 1 we demand:

—2pSo+p* < X =52 <2pSo+p?
So—pl < VX < So+p
l-p< VX <1l+p

implying:
p>1-VX, p>VX -1 (6.8)
,021—min\/y7 pZmaX\/Y—l
1

which is satisfied for any redundant digit set. In the case Sy = 0 we require:

0< X <p
0< VX <p
So we have the following requirement on p:
p > maxVvX (6.11)
p > 1l—ulpVX. (6.12)

In this case we need a maximally redundant digit set. Expressions (6.2) and (6.6) gives us
the following expressions for L,(¢) and Us(z),

Ly(i) = By +887 ) 1285 Uy(i) = Biga + 8287+ 4 28;5 (6.13)
Ly(i) = 2Si(s—p)+(s—p)*B7 D, U (i) = 2Si(s + p) + (s +p)°57F. (6.14)

The degree of redundancy gives an overlap between adjacent digit selection intervals
Usr (i) — Ly(i) = (2p— 1) (252» + (25 — 1)@‘(“’1)) . (6.15)
Generally we have to make sure that every value of SR; belongs to a selection interval:

Us_r (i) — Ly(3) > —ulp (BR). (6.16)
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So we require:

2p—1) (252» + (25 — 1)ﬁ—<i+1>) > —ulp (BR;) (6.17)
Si > %(_@Rz) + max ((1 — QSQﬂ_(HI)) (6.18)
S; > _125 (_ﬂfi) + ((2a - gﬂ_(m)) . (6.19)

In particular this gives us the following requirement on Sy,

—ulp (BR;) L 20 -1
4p—2 25

So > (6.20)

Depending on the granularity of the numbers we have to represent we may use Sp = 0. For
So =1, ulp (BR;) = 8™ with n small, equation (6.20) is satisfied. Likewise for S; = 1/2 and
small n equation (6.19) is satisfied. This means that it is possible to have a positive overlap
in every iteration. As we shall see later, it is convenient to have the same overlap in every

iteration
min Us—y (i) = max Ly (i) > —ulp (GR;), (6.21)

where
min Uy—1 (i) = 28i(s =1+ p)+ (s — 1+ p)?p~ (Y (6.22)
max Ls(i) = 2Si(s—p)+(s—p)*s~ " (6.23)

The second term in min; Us_1(¢) is very small for large n, and always positive, we shall
therefore discard that term, and use the resulting lower minimum value. This gives us the
following requirement:

2Si(s =1+ p) + (s = 1+p)* =28i(s —p) = (s = p)?F™" > —ulp(BRy)
25:(2p—1) = (s = p)*B~" > —ulp (BRy)
B2S:(2p—1) > (s—p)* — ulp (BR;)(6.24)

The right side of (6.24) has its maximum at s = —a + 1, and the left side has its minimum at
either So =0 or S; = 1/2, so for S; = 1/2:

B(2p—1) > —ulp (BR) + (—a + 1 - p)?, (6.25)
and for Sg = 0 we have:
0> —ulp (BR;) + (—a+1—p)*. (6.26)

As we shall see later there are situations where there are no solutions to these equations. In
these cases we have to be content with using the same overlap from iteration I and onwards,
for some I > 1. Similar calculations to the above give us the following lower bound on [I:

ﬁ[-|—1(2p -1) > (~a+1- ,0)2 —ulp (BR;)

I > [103;5 ((_“ +1 _2',00)2__1 ulp (ﬂRi)ﬂ ~ 1. (6.27)

Later we shall see how this influences particular implementations of the square root algorithm.
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6.2 The Root Digit Selection Function

We represent the function s_select(R;, S;) by a set of selection bounds {ps(¢)}, s € Dy:
ps(l) < ﬁRz < p5+1(i) = Si41 = S. (628)

From (5.30) we can see that the p,(7) are functions of 5;, and ¢, since the selection of the next
root, digit depends on R;,S; and i. For notational convenience we shall write ps(z). We now
find a requirement for the choice of p,(i). From (6.2) and (6.28) we see that:

ps() € [Ls(2), Us(2)]. (6.29)

For BR; = ps(i) — ulp (BR;) we have to choose s;11 = s — 1, because of (6.28). Combined
with (6.16) we get:
ps(i) € [Ls(2), Us—1(2) + ulp (BR;)]. (6.30)

We shall use the stricter bound:
ps(?) € [Ls(2), Us—1(2)]. (6.31)

Note that since we always have a positive overlap, as demonstrated in the previous section,
such a set of functions will always exist. If we want the same set of selection bounds, p,(/)
from iteration I and onwards we must require:

ps(I) € I?Zalx L,(7), 1;1%1}1 Us—1 (1) . (6.32)
Having established the theory, we analyse the two main examples of it, namely the table
lookup method, and direct comparison. Given the number of similarities between square root
and division we shall not analyse the square root case to the extent that we did in the division
case.
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6.3 Direct Comparison

6.3.1 Truncated Comparison

Let X € [1/4, 1] be the normalized radicand, and let {#R;}a denote truncation of SR; to A
bits, and let {#R;}a be in 2’s complement form. Let [ be the number of fraction bits used in
the representation of BR;. Let ep be the error resulting from the truncation:

BR; = {BRi}a + ¢r. (6.33)

The range of e depends on the representation used, and the truncation. Let 7 and é be the
number of integer and fraction bits respectively in {3R;}a. Let {p,(i)}a denote truncation of
ps(7) to A bits, T integer bits and § fraction bits, and let ¢, be the corresponding truncation
error:

ps(i) = {ps(D)}a + €. (6.34)

We now implement the function s_select(BR;,S;) as:
{ps()ta <{BR}A < A{pst1(i)}a = siy1 = s. (6.35)

6.3.2 Truncation Errors
Comparison Functions

We shall usually require that pg(7) is in 2’s complement encoding. Assume that p,(¢) is a
multiplum of 5;, and that 5; is in 2’s complement encoding, obtainable by an on-the-fly
conversion. The range of the truncation error is then:

€, € |0, max{27% —ulp S;}|. (6.36)

Partial Remainder

The truncation errors are identical to the ones given in Section 4.3.2.

6.3.3 Fraction Bits

Let us find an expression for 8, the number of fraction bits used in the comparison.

The lefthand side of (6.35) gives:

{BR:}A
BR;

{ps(i)}a

>
> ps(i) — €+ €R.

For selection of the digit ¢ we have SR; > L,(i) so we demand:

pli)—epten 2 L)
ps(i) > Ls(i)+€ —¢r
ps(1) > Ls(1) 4+ max(ep, — €Rr)
ps(1) > Ls(1)+ maxe, —minep
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Now for the righthand side of (6.35):

{BRi}a < Apst1(?)}a
{BRi}a < Apsy1(i)}a —ulp ({BRi}A)
{BR}a < {psp1()}a—27°

BR; < psyi(i) =270 — ¢, + en.

We have §R; < U(7) so:

P =2 — et en < Ty(0)
por1(i) < Us(i) 42704+ ¢, —er
per1(i) < Us(i) +27° 4+ min(e, — €r)
psr1(?) < Us(i)+ 27% 4 min €p — MaX €R
ps(i) < Us—1(d)+ 27% 4 min €p — Max g,

where the final inequality follows from the fact that the right hand side in equation (6.35) is
also valid for s;41 = s — 1. The chosen comparison functions should thus satisfy these two
inequalities:

Ls(7) + maxe, — minep (6.37)

>
< Us—q (i) + 279 4 min €p — MaX €R. (6.38)

For simplicity we shall use the tighter bounds:

ps(i) > Ls(i)+supe, —infep (6.39)
ps(i) < Us_1(i) 427 +infe, —super. (6.40)

The number of fraction bits, §, required in the comparison depends on the chosen comparison
functions ps(¢), and the chosen representation for the partial remainders and the partial root
S;. For existence of such an p,(i) we require:

Us—1(7) + 270 4 inf €p — SUD €R
Us—1(3) — Ls(37)

> Ls(i) +supe, —infep
> supep—infeR—infep—l—supeR—Q_5

We saw earlier that the lefthand side can be made positive for all . The righthand side
depends only on 4, so we can always satisfy the last inequality by making ¢ large enough.
6.3.4 Integer bits

Let 7 be the number of integer bits required to represent the shifted partial remainder and
the comparison functions. We now calculate the number of integer bits 7, needed to represent
the truncated shifted partial remainder. The upper bound on the value of {FR;}A is:

{BR;}A max (BR; — €R)
{BR:}an < {max (BR; — €R) 25J 279

{(BR}s < [(3(2p+p%) —infep) 2’| 270, (6.41)

ARVAN

IN
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Lower bound:

{BRYa > [(—Qﬁp—supepb) Qﬂ 93, (6.42)

Upper bound:
270 > [ (8 (204 p?) —infeg) 2| 278 (6.43)
> flogy ([ (824 p%) —infe) 27| 270) | + 1. (6.44)

Lower bound:
271 > —[(-28p —supen) 27| 27 (6.45)
o> [bgz (— {(—Qﬁp— SUp €r) -25] -2—5)] +1. (6.46)

Thus, given the number of fractional bits ¢, we can determine the number of integer bits
required. The total number of bits, A, required for the comparison, is then A = 7 4 §,
including the sign bit.

6.3.5 Same Comparison Functions in Every Iteration

We would like to use the same set of comparison functions, in every iteration. l.e a set of
comparison functions ps; that are independent of 7. As noted in Section 6.1 such a set of
comparison functions may not exist. In this case we have to find the first I digits of the
partial root, using another method, and then use a set of comparison functions p,(/), whose
formation is independent of ¢, from iteration I and onwards. The function s_select(8R;,S;)
from iteration [ is then given by:

Vi>T: {p;(I)}a <{BRJA <Apst1()}a = Siy1 = s. (6.47)
Similar calculations to the ones in Section 6.3.3 gives us the following two expressions:

Vi>1: ps(1)
Vi>1: ps(1)

Ls(i) +supe, —infep (6.48)

>
< U,y (i) +27% +infe, — super. (6.49)

These are equivalent to:

ps(I) > max (Ls(?) +supe, —inf ep)

ps(1)

IN

. . 5 . . _
min (Us_l(z) +27° 4+ inf e, — sup eR) .

K3

Since €ep is independent of ¢ we have:

ps(I) > max (Ls(?) +supey) —infep (6.50)
ps(I) < m>1}1 (Us_1 (1) +inf e,) —sup e 4+ 27°. (6.51)

A set of ps([) satisfying (6.50) and (6.51) can always be found by making I large enough,
since as [ approaches n, p,(I) will approach p,(n), max;>; L,(¢) will approach L,(n), and
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min;>7 Us—1 (¢) will approach Us_i(n). Since the values of § and I depend on each other,
there are several possible solution pairs. Also note that I = 0 corresponds to using the same
comparison functions in every iteration.

Due to the fact that p,(1) depends on S; and the value of S; could possibly change in every
iteration, one could be mislead into believing that we would have to generate the comparison
functions p,(/) in every iteration. This is however not necessarily the case. Using the same
comparison functions after I iterations, introduces another error besides the truncation error.

6.3.6 Choice of Comparison Functions

When choosing our comparison functions p,(/), we should choose ones which are as simple
as possible to generate. We therefore define the following digit selection intervals.

L = maxLy(i) = (s = p)*p7 U = 25i(s — p) (6.52)
Loo= ominUp () = (5= 14+ p) 670 = 25 (s = 14 p) (6.53)

Note that we can not choose ps(I) = L%. Discarding the second term to obtain U;_; poses no
problem since the resulting bound is lower. Observe that these selection intervals are identical
to the ones in the division case, with 2.5; taking the place of D. In relation to these selection
intervals we can choose the comparison functions in the interval:

ps(I) € | L+ 279 + sup e —infer, U + 270 4 inf €p — SUDP €R| , (6.54)

where we require that (s — p)24~U+1) < 279, That is the term we subtract to obtain L*
must be smaller than the granularity of the truncation, which is a matter of making I large
enough.

Possible choices are:

ps(I) = UZ_;: This is only usable for p = 1, where we then have: ps(f) = 25;s. As in
division this choice is not viable for carry-save partial remainder.

ps(l) = % Since this is independent of p we can use this for all digit sets.
However we must make sure that (6.54) is satisfied.

ps(I) = L* 4 27%: Only full-precision comparison.

For all these choices we have the truncation error given earlier:
¢, € [0,max{0,27% —ulp S;}|. (6.55)

The question of how we compute non-redundant non-trivial multiples of S; arises. l.e.
how do we compute 3.5; for example. In this case we store 3D in redundant form using an
additional bit of precision. The corresponding truncation error is then the same as before.

6.3.7 Performing the Comparison

The truncated partial remainder is formed in the same way as in division. However, since the
truncation error on p,(/) depends on S;, the result depends on the particular implementation
and can not be derived analytically.
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6.3.8 Using only Positive Comparison Functions

Since the digit selection intervals [L}, U;_,] are symmetric around SR; = 0, we can reflect the
area of uncertainty in the S; axis, in the same manner as in the division case.

6.3.9 Using Constant Comparison Functions

In analogy with the division case we get the following requirement for the existence of a
constant comparison function, for s > 0

\‘(Hklgln Us_1 —super + 2_5) 25J > [(msax Ls(i) — inf eR) 25-‘ (6.56)
KS — 14 p+ (s =147+ —super + 2_5) 25J =

KQ(S —p)+ (s = p)2p~*Y) _inf eR) 25—‘ . (6.57)

6.3.10 Results and Examples

Since the digit selection intervals L* and U™ are identical to the ones in division we get
identical results with the exception that the first I iterations have to be handled differently,
and we need an integer bit more due to 2S5; replcing D. The valid choices of I and ¢ for a
few implementations are shown in Table 6.1.

‘ﬁ‘a‘Riencoding‘sq ‘5‘]‘
2 | 1| carry-save (2s—1)S;|11]0
4 | 2 | carry-save (2s—1)S; |32

Table 6.1: Valid truncations and number of initial iterations needed for direct comparison.

Radix 4, Minimally Redundant

From Table 6.1 we see that we can use s, = (25 — 1)5;,/ = 2 and § = 3. The comparison
functions 35; and —35; are non-trivial to generate. Therefore we perform this comparison
with 3D in carry-save form: 35; = (25;)°+(95;)?, where the carry and save parts are computed
to 4 bits.

Case ¢ = 0: With Sp =1 we and using (6.39) and 6.40 we have the bounds:

2
ps(0) 2 2(s =)+ (s - 5)24_1
1 1 1
J(0) < 20s— = B D
p0) < 2 b (s bt ]
Simple calculations give us the following comparison functions: p_;(0) = (2s — 1) + 1 = -2,

po(0) =(2s—1)=—-1, p1(0) = (2s —1) =1, and p2(0) = (2s — 1)+ 1/2=7/2.
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Case ¢ = 1: Analogously we can use p_y(1) = S;(2s — 1) + 1/8 = —35; + 1/8, and p;s(1) =
(2s — 1) for s € {0, 1, 2}.

In all there are three special cases which have to be handled in the first 2 iterations. From
then on we proceed with the same comparison functions.
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6.4 Table Lookup

We will use the same notation as we did for division, i.e. {#R;}. will denote the truncated
partial remainder. Let ep be the error corresponding to the truncation of gR;:

BR; = {BR:}. + er. (6.58)

Let 7 be the number of integer bits needed to represent {3R;}., and let [ be the number of
fraction bits used in the representation of R;. Let S; € [1/2, 1] be the partial root. Let {5;}s
denote truncation of S; to § bits, and let e€g be the error resulting from the truncation. We
then have:

S; = {Si}g + €g. (6.59)

Since S; is truncated to ¢ fraction bits, and normalized to the interval [1/2, 1] we can write it
as:

1
{Si}ts=5+m- 273, (6.60)

where m € [0, 25_1].

Partition the interval [1/2,1] into 2°=! parts of equal size. Let py(i) be a function of S;
which is constant on each of the intervals [{.S;}s+ min eg, {9;}s+ max eg], and is representable
in ¢ fractional bits. We then have the following implementation of s_select(5R;, S;).

{Ps()}e <A{BRe < Apsy1(i)}e = siy1 = 5. (6.61)

6.4.1 Truncation Errors
Partial Root

Let f be the number of fraction bits of S;. Let 278 > ulp S;. If we use the truncated
signed-digit representation of S; then the range of the error is given by:

es € |—p-2% +ulpS;,p-27% —ulpSi|. (6.62)

Note that depending on the value of S; the range of the error may be restricted further. For
example S; = 1/2, gives a non-negative truncation error and so forth. However, if we use an
on-the-fly converted partial root then the error is given by:

€5 € 0,27 —ulp S;| . (6.63)

Since the total error range is smaller in the latter case we shall use it in the following. If
ulp S; > 27% then we have zero truncation error since all bits beyond the §’th are zero.

Partial Remainder

The truncation errors are identical to the ones given in Section 4.3.2.
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6.4.2 Fraction Bits

We now determine what truncations of GR;, and values of § result in a valid root digit
selection function. Using similar calculations to the ones in Section 4.4 we get the following
two expressions:

Ly(7) —infep (6.64)
Us—1(t) —super +27°. (6.65)

ps (i)
ps (i)

IN IV

These expressions have to be satisfied for the interval S} € [{S;}s + mineg, {S;}s + maxeg],
so we get:

ps(i) > maxLy(i) —infep (6.66)

7

ps(i) < rrgl/n Us—1 () —super +27°. (6.67)

B

And because p;(¢) has ¢ fraction bits:

ps(i) > Kmsal}x Ls(i) — inf eR) Qﬂ 27° (6.68)
ps(i) < Kr{gn Us—1(i) —super + 2—0) QCJ 27°. (6.69)

The condition for the existence of such a p,(7):

\‘(rrklgi/n Us—1(t) — super + 2_0) QCJ 27> [(msayx Ls(7) — inf eR) 20-‘ 27" (6.70)

7

Equation (6.70) should be evaluated to determine valid truncations of SR; and 5;. However
since the value of ¢ and é depends on ¢ we could end up with different tables for different i.
We therefore use the following alternative implementation.

6.4.3 Using Same Selection Bounds in Every Iteration

In Section 6.1 we saw that we cannot use the same selection bounds in every iteration.
We therefore use one set of selection bounds from iteration I and onwards, and one or more
different selection bounds for ¢ < I. We then have the following implementation from iteration
I and onwards:

Vi> T :{ps(I)}. <{BRi}e < {psy1(I)}c = siy1 = 5. (6.71)

Condition for the existence of such a p,(/):

K min U,_y (i) — sup eg + 2—0) QCJ 27¢ > Kmax Ly(i) — inf eR) 201 27¢. (6.72)

SLi>T SLi>T

The expressions ming ;55 Us—1(¢) and maxgr ;57 Ls(i) are given by, using (6.14), (6.60) and
(6.63):
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s> 0:

= i e _ _ 2 g—(i+1)

min Uima(i) = in (285 = 14 p) 4 (5= L4 )57 0HD)
= m>1n ( ({Si}s+ mines)(s—14+p)+ (s— 1+ p)Qﬁ—(iH))
= _ _ 2 g—(i+1)
= min (2855~ 1+ )+ (s = 149)267*D)
= 2{S}s(s— 1+ p)
= 2 (% + m2_5) (s =1+ p), (6.73)

N o= (g — N2+
max L,(7) max (252(8 p)+ (s—p)s )

= (20055 + maxes) (s = p) o+ (s )57

= m>ax( ({Si}s +270 =) (s—p) + (s — p)2ﬁ—(i+1))

= 2((8h+27) (= )+ ma (5= )07 =257 (5 = p)

= 2({Ss+27) (s - +max(<s—p> (s = p) — 20) g=0+V)
= 2({8hs+27) (s -
= ( +(m+1)27 5)( P, (6.74)

where we have used the fact that (s — p) — 28 < 0, implying that the last term is negative
and converges towards zero for large 1.

s <0:
i ) = i g — _ 24— (i+1)
dpin Usa()) = min, (281(s = 14 p) + (s — 14 )23~ 041

= r2n>1n ( ({Si}s + maxes)(s—1+p)+ (s— 14 p)Qﬁ—(iH))
= r;l;n( {Sits+27°0 =B (s—1+p) + (s — 1+p)2ﬁ—<z’+1>)

= 2 ({52'}6 +27 ) (s = 1+p) +min ((s )2 s 1 +p)ﬂ_i)

= 2({52}5%—2 ) s—1+p) —I—mln((l—s—p)((l—s— p)+28)5” Z‘H))
- 2({52»}5+2 )S—l—l—p

= 2(% + (m+1)2~ )(s—l—l—p) (6.75)
max Lo(i) = max, (251(s = p) + (5 — p)25~(+1)
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= (2(S:Fs + mines) s = ) + (s = 270

K3

= max (2{52»}5(5 —p)+ (s p)2ﬁ—<i+1>)
= 2{Si}s(s —p) + I?Za;( ((s — p)Qﬁ—(iH))
= 2{S:}s(s = p)+ (s — p)?p~U+D

= 2 (% + m2—5) + (s — p)2p~U+D), (6.76)
Inserting these in (6.72) we have:
s> 0:
\‘(2 (% + m2_5) (s—14p)—supep+ 2_C) QCJ 27¢ >
[(2 (% + (m+ 1)2—5) (s — p) —inf eR) 201 27°. (6.77)
s<0

KQ (% + (m + 1)2—5) (s — 1+ p) —supep + 2—0) QCJ 27>
[(2 (% + m2—5) + (s — p)2p~U+Y _inf eR) 201 27, (6.78)

Equations (6.77) and (6.78) should be evaluated for every possible value of s and m to
determine valid choices of ¢, §, I, and truncations of S R;.

6.4.4 Integer Bits

We now calculate the number of integer bits 7, needed to represent the truncated shifted
partial remainder. The upper bound on the value of {SR;}. is:
{BR;}. < max(OR; — €R)
{BR;}. < |max(BR; —epr)2°|27°
<

{BR;}. | (8 (2p+ p*B7") —infeg) 2°| 27°. (6.79)

Lower bound:
{BR;}. > [(=2B8p—super)2°|2™°. (6.80)

Upper bound:
2770 > [(B(2p4p%) —infeg) -2°] -27° (6.81)
> [logy ([(820+ p?) — infer) - 2°] -27)] + 1. (6.5

Lower bound:
2771 > —[(=208p —super) - 2] - 27 (6.83)
T > [logy (— [(—28p —supeg)-2°1-27°)] + 1. (6.84)

Given the number of fraction bits in the truncation, we can determine the number of integer
bits needed for the representation.
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6.4.5 Table Implementations

Like in division there are two methods of feeding the value of the truncated redundant shifted
partial remainder to the table. The analysis is identical to division so we only state the results
here:

2’s complement

er €[0,27¢—271. (6.85)
Carry-save
€Ries) € {0, 27 497" _ 9. 2—’] (6.86)
e € {0,2—C+2—min{w} _ 9. 2—’] . (6.87)
borrow-save
Ry € {—2—” ol 97r 2—’] (6.88)
r € {—2—” poloPpome 979 2—1} . (6.89)

6.4.6 Using only Positive Selection Bounds

In order to use the same half of the table for all operands we need symmetric digit selection
intervals. In the direct comparison method we found an expression for these. Since this
narrows the overlap it could result in larger tables. Alternatively we could use the positive

half and fold the other half into it [6].

6.4.7 Results

Table 6.2 shows the required number of inputs w to the lookup table, when using a 2’s
complement partial remainder. It was constructed by writing a small program which recorded
valid truncations.

Table 6.3 shows the total number of bits needed as input to the table for various radices
and digit sets, when SR; is in carry-save representation. Also shown is the number of initial
iterations, I, we have to perform before we can use the same selection bounds in every
iteration.

6.4.8 Examples
We define ES(I) and (75_1(1) as:

Ly(I) = Kmax Ls(i)—infeR) 201 27¢ (6.90)

S1i>T

U (I) = Ksrfl}?z Us_1 (1) — supeR) QCJ 27¢ 4 27°, (6.91)

The lookup table, for ¢ > I, can now be constructed by computing for all s the bounds ES(I)
and Us_1(I), and selecting the ps(I) € [Ls(I),Us—1(1)], which needs the fewest number of
fractional bits.
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| Blafrfclo]t] ]
21 1(4)0]1]0]| 3
41 214121512 9
41 214131412 9
41 3151|132 7
41 315121411 9
8| 45|14 |7(2]14
8| 415|563 ]14
8| 716|115 ]2|10
8| 716|2]|4]2]10
16| 81659318
16| 81669219
16 |15 7(1]6|2]|12
16 |15 749|118

Table 6.2: Table Lookup truncations for 2’s complement partial remainder.

Radix 2

Let R; be in carry-save form. From Table 6.3 we see that we can use § =1, ¢ =1, 7 =4 and
I = 0. Even though we can use the same selection bounds in every iteration, the case ¢ = 0 is
so special that we will consider it separately. In Section 6.1 we saw that we can use Sy = 0.
This implies that we have to select sy = 1 to have S > 1/2. Now for the other case (¢ > 0).
The bound Lo (1) is calculated as follows ({S;}s = 1/2):

Lo(1l) = (gpgxl Ls(i)) 2-‘ 27! —infep

= (—2 max ({Si}g + mineg + 2_(”1))) 2-‘ 21

- (—2 max (% — 27 4 2—““))) 2} 271
I L i (41 -1
= —2max 5 — 27"+ 2 212

= -1

Table 6.4 shows the resulting lookup table.

Radix 4, Minimally Redundant

Let R; be in carry-save form. From Table 6.3 we see that we can use § =4, p=n =4, c = 3,
7 = 4, and I = 3. This implementation is also described in [5], and is simpler than the one
in [6], which uses 5 root bits. First we construct the table for ¢ > 3, shown in Table 6.5. We
then have to construct the selection function for ¢ < I. One method is to use a small lookup
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10
11

10

12

11
10
15
16
15
16
16
15
15

12
11
11
10
16
15
15

1

1
1

1
1
1

512

2141219

2162

1

1

1

214131313 |5|3
214133 |13|6]|2

2141414134139
21414141442

2141414125139

21414141416

7162

716121212152
7161331342

716133

7164|348

71641447

765|556

plalr|plr|c|é|l]w]

4
4
4
4
4
4

4131512

4131512122328

41351312135
413153334

8|14 |5 |4|14]4|8|4
8145|4144 19|3
814 |5 |5|4|5|7]|4

8145|545 (8]2

814|5|6[4|6|7]|3

8145|555 |72

8141566663

8
8
8
8
8
8
8

Table 6.3: Table lookup truncations for redundant partial remainder, w =74+p+ 6 — 1.
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{So}s 1/2 1
Lo(1),U_1(1) | -11-1/2 | -2,-1/2
po(1) -1 -1
Li(1), Up(1) 0,1 0,2
p1(1) 0 0

Table 6.4: Radix 2 table.

table to give us Sy, and use it for the first [ iterations, to calculate Rj. This approach is used
in [6, 7]. We shall however use the following approach presented in [5]. Since § = 4 and the
granularity of Sy is 27%, we have no truncation error on Sp, Sy and S,. That is S; = {S;}s,
for ¢ < 3. Therefore we may be able to construct tables for + < 3, and match them with the
table for ¢ > 3. For all i < 3 we then calculate the bounds:

Ly(i) = Kms?x L(i) — inf eR) 201 27¢ (6.92)
U;1(i) = Kn};n Us_1(i) — sup eR) QCJ 27 4 27¢ (6.93)

i = 0: Since Sy = 1 we can only select sy € {—2,—1,0}. We then get Table 6.6.

i = 1: Since S can only assume the values 1/2,3/4 and 1, we have S; = {S1}s. We then
get Table 6.7. If {S;}s = 1/2 then we cannot select s;4; = —1, because that would make
S <1/2.

i = 2: Since the granularity of Sy and {S3}s is 1/16, we have Sy = {S;}5. We then get Table
6.8.

Table 6.9 show the combined table for all values of i.

It is evident that the only case in which we cannot use the same selection bounds in
every iteration, is ¢ = 0, {9;}s = 16/16 and s = —1. However we are not confined to using
{So}s = 16/16. In order to use the same table as in all the other cases we have to match the
truncated value of Sy, with a table entry whose selection bound can be chosen in the range [-
21,-19]. We see that we can choose either {So}s = 13/16 or 14/16. For {Sp}s = 13/16 we can
keep p_y -8 = —20, while for {Sp}s = 14/16 we have to change p_; -8 to —21 which require a
bit more to represent resulting in a more complex table. We therefore choose {Sp}s = 13/16.
It is also evident that the selection functions can be chosen identical for {S;}s = 15/16 and
{S;}s = 16/16, except for the case i = 0 which we have taken care of. This means that
whenever {S;}s = 1/16 we convert it to 15/16, which eliminates the need to use the integer
bit os S; as input to the lookup table. The final lookup table is then given in Table 6.10. So
although we require I > 3, we have shown that it is possible to construct a table which results
in a valid selection function for all 7. There is therefore no need to consider implementations
which require I < 3.
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| {Si}s- 16 | s | 9 | 10 11|
L_1(3)-8,U_4(3)-8 | -13-13 | -14,-14 | -16,-16 | -18,-17
p_1(3) -13/8 | -7/4 -2 9/4
Lo(3)-8,U_1(3)-8 | 5,4 | -5-4 | 65 | -7-5
po(3) 172 | -1/2 | -3/4 | -3/4
L1(3)-8,Us(3)-8 3,4 4.5 4.6 4.6
(3) 1/2 1/2 1/2 1/2
Ly(3)-8,U1(3)-8 | 12,12 | 14,14 | 15,16 | 16,17
p2(3) 3/2 7/4 2 2
| {Si}s-16 | 12 | 13 | w1 15 | 16
L_1(3)-8,U_5(3)-8 | -19,-18 | -21,-20 | -23,-21 | -24,-22 | -26,-24
p_1(3) 9/4 | -5/2 | -11/4 -3 -3
Lo(3)-8,U_1(3)-8 | -7,5 | -8-6 | -9-6 | -9-6 | -10,-7
po(3) -3/4 -1 -1 -1 -1
L1(3)-8,U5(3) - 8 5.7 5,8 5,8 6,9 6,10
p1(3) 3/4 1 1 1 1
Ly(3)-8,U1(3)-8 | 18,19 | 19,21 | 20,22 | 22,24 | 23,26
p2(3) 9/4 5/2 5/2 1 1
Table 6.5: 1 > 3.
| {So}s - 16 | 16
L_1(0)-8,U_5(0)-8 | -21,-19
Lo(0)-8,U_1(0)-8 | -9,-6
L1(0)-8,T5(0) - 8
Ly(0) - 8,U,(0) - 8
Table 6.6: 1 = 0.
| {S1}s- 16 R 16 |
L_1(1)-8,U_y(1)-8 -18,-16 | -25,-21
Lo(1)-8,U_1(1)-8 | b4 | -7-5 | -10,-6
Li(1)-8,Up(1)-8 | 3,5 5,7 6,10
Ly(1) -8, U (1)-8 | 12,14 | 17,20 | 23,27

Table 6.7: ¢ = 1.



CHAPTER 6. SRT SQUARE ROOT

| {Si}s - 16 | s | 9 | 10 | 11 | |
L_1(2)-8,U_5(2) -8 -14,-13 | -16,-14 | -17,-15
Lo(2)-8,U_1(2)-8 | 54 | -5-4 | -6-4 | -T-5
L1(2)-8,Up(2) - 8 3,4 4,5 4,6 4,6
L5(2)-8,U1(2)-8 | 11,13 | 13,14 | 14,16 | 15,18
| {Si}s-16 | 12 | 13 | o | 15 | 16 |

L_1(2)-8,U_3(2) -8 | -19,-17 | -21,-18 | -22,-19 | -24,-21 | -26,-22
Lo(2)-8,U_1(2)-8 | -7-5 | -8-5 | -9-6 | -9-6 | -10,-6
1(2)-8,Up(2) - 8 5,7 5,8 5,8 6,9 6,10

2(2)-8,U1(2)-8 | 17,19 | 1821 | 19,23 | 21,24 | 22,26

L
L

Table 6.8: ¢ = 2.
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| {Si}s - 16 8 9 10 11
L_1(i)-8,U_5(i)- 8
1=
1=
i= -14,-13 | -16,-14 | -17,-15
i>3 -13,-13 | -14,-14 | -16,-16 | -18,-17
p_y1-8 -13 -14 -16 17
Lo(i) -8, U_1(7) - 8
i=0
i = -5,-4
i=2 54 | b4 | 64 | -7
i>3 B4 | =54 | 6,5 | <715
Po -8 -4 -4 -6 -6
Ly(i) - 8,Us(i) - 8
1=
i = 3,5
i=2 3,4 4,5 4,6 4,6
i>3 3,4 4,5 4,6 4,6
pr-8 4 4 4 4
Loy(i) -8, U (i) - 8
1=
i=1 12,14
i=2 11,13 | 13,14 | 14,16 | 15,18
i>3 12,12 | 14,14 | 1516 | 16,17
P2 -8 12 14 16 16

Table 6.9: Combined table.
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{Si}s - 16 | 12 | 13 | o | 15 | 16 |
L_1(i)-8,U_o(i)- 8
i = -21,-19
i=1 -18,-16 -25,-21
i=2 1917 | -21,-18 | -22,-19 | 24,21 | -26,-22
i>3 1918 | -21,-20 | -23,-21 | -24,-22 | -26,-24
po1-8 18 -20 -22 -24 -
Lo(i) - 8,U_1 (i) - 8
1= -9.-6
i = 755 -10,-6
i=2 75 | -8-5 | 9.6 | -9-6 | -10-6
i >3 75 | 8.6 | 9.6 | -9-6 | -10-7
po-8 -6 -8 -8 -8 -8
Li(i) -8, Up(i) - 8
i=0
i=1 5.7 6,10
i = 5,7 5,8 5,8 6,9 | 6,10
i >3 5,7 5,8 5,8 6,9 | 6,10
P18 6 8 8 8 8
Loy(i) -8, U (i) - 8
1=
i=1 17,20 23,27
i = 17,19 | 18,21 | 19,23 | 2124 | 22,26
i>3 18,19 | 19,21 | 20,22 | 2224 | 23,26
P28 18 20 20 24 24

Table 6.9: Combined table (continued).

[ {Sys-16] s [ o [0 11 [ 1213 14 | 15]
por | -13/8 | -7/4 | -2 [a7/8 [ -9/4 | -5/2 | -11/4 | -3/2
Po IEIE A E e
p 12 |12 y2 ] 12 [34] 1| 1
P2 3/2 | 7/4 ] 2 | 2 |9/a |52 572 3

Table 6.10: Final lookup table.
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Combined Division and Square

Root

Since an implementation of the IEEE standard requires both the division and square root
operation to be present, and given the number of similarities between the division and square
root algorithms presented in the previous chapters, one might wonder if a combined imple-
mentation is possible. It turns out that this is indeed the case. Shared radix-4 and 8 table
lookup algorithms have been presented by Fandrianto [6, 7]. A radix-4 direct comparison
implementation was given in [19].

‘ Division ‘ Square Root
problem X=Q -D+R,|X/D-Q|<ulpQ | X =5>+R,|VX -S| <ulpS
result Q=Y g5 S
operands De[1/2,1],|X| < |D,Q€]-1,1] | X € [1/4,1[,S € [1/2,1]

partial rem.

R; = #'(X — Q;D)

Ri = p'(X - 57)

Ri-l—l = ﬁRZ — Si—|—125i — 522+1ﬁ_(i+1)

recurrence Riy1 =B8R, — g1 D

bounds |R;| < pD |R; — p23~| < p285;

selection L,=(¢—-p)D Ly(i) = (s — p)2Si + (s — p)Qﬁ—(i—I—l)
interval U,=(¢+p)D Us(i) = (s +p)2S;i + (s — p)Qﬁ—(i—I—l)
overlap (2p—1)D (2p — 1) (25, + (25 — 1) 5~ (F1)

Table 7.1 compares division and square root. It is evident that they are very similar with

Table 7.1: Division and square root comparison.

Q; D corresponding to S?, and 295; taking the place of D. In order to construct a combined

implementation we have to make some requirements.

e For division we require that ¢ € [1/2, 1], this will bring Q;D into the same range as S?2.

e For square root we scale R; by 1/2; the range of R; in both cases is then the same

except for the i-dependent term in the square root case.

79
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e D and S; should be represented in the same encoding. To meet this requirement we do
an on-the-fly conversion of S;, which in turn requires an on-the-fly conversion of ();.

Recurrence Let Y correspond to the divisor in the division case, and the partial root in
the square root case. We then have the recurrence:

Riy1 =0R;, — W; (7.1)
where W; = d; 1Y for division and W; = d;412Y + d?Hﬁ_(i"'l) for square root.

7.1 Implementation

Figure 7.1 shows a block diagram of one iteration of the combined algorithm.

D Qi/S: R;

LEFT SHIFT

BR;

MUX —¢

RESULT DIGIT SELECTION

diy1
ON-THE-FLY MULTIPLE FORMATION
CONVERSION
—W;
ADDER
Qis1/Sit1 Riy1

Figure 7.1: Block diagram of combined iteration.

7.2 The Digit Selection Function

The function d_select(R;,Y) is represented by z4, d € D,.
zg < ﬁRz < Zd41 = di_|_1 =d (72)

As before this selection function can be implemented using either direct comparison or table

lookup.
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7.3 Direct Comparison

With D = S; and ¢ = s the digit selection intervals L¥/2 and U} /2 given in (6.52) and (6.53)
are identical to the intervals L, and U, given in (4.9).

This means that we can use the same comparison functions in both cases, except for the
first I iterations. These iterations have to be handled separately as we did in Section 6.3.1.

7.3.1 Formation of Comparison Functions

Because the bound on the comparison functions are identical, we can use the same comparison
functions as in the previous chapters.

7.4 Table Lookup

In order to construct a combined table, we require that the selection bounds are identical. As
mentioned above we need to scale the partial remainder by 1/2 in the square root case. The
selection bounds are then in the range:

Division

L, = KmD@qu—infeR) 201 27° (7.3)

h
|

-1 = \‘(rrg/n Ug—1 — sup GR) QCJ 2704270 (7.4)
Square root

L) = Kmax %Ls(i)—infeg) 201 27¢ (7.5)

SLi>T

- 1
Us—1(I) = \‘(Srpiiill §U5_1(i) — sup eR) QCJ 274 27°, (7.6)

The condition for the existence of combined table is:

Yq,s,m : ES(I) < ﬁq_l A Eq < (75_1(1) A Eq < U,. (7.7)

Hence:
2 € |Ly Ug] (7.8)
€ | Lu(1), U (D). (7.9)

The cases 7 < I have to be handled by either an initial lookup table or by fitting the tables
to the case ¢ > I, as we did in the square root case. We now have to find values of ¢, §, I, and
truncations of SR;, for which a combined table exists.
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7.4.1 Integer bits

The number of integer bits required to represent the truncated partial remainder in the square
root case is one less than what was required in the standalone square root algorithms, due to
the scaling by 1/2.

From Tables 4.6 and 6.3 we see that the number of integer bits is then equal to the number
used in the division case.

7.4.2 Results

Table 7.2 shows the number of inputs w to the lookup table for a redundant partial remainder.
This table was generated by calculating the condition (7.7) for the existence of a combined
table

Slalr|p|nfelo]l]w ]
2111312122104
41213 (4414|5310
41213 (4141416211
4121351455211
412135541413
4121355353
4121355 |5]6]1]12
4131413123142
4131413131332
41314141314 ]5]1|11
4131441412428
4134 (414|144 ]1]10

Table 7.2: Table lookup truncations.



Chapter 8

Comparison of Implementations

In this chapter we shall compare the direct comparison method with the table lookup method,
in terms of speed and area consumption. The technology used is described in Appendix B,
and is identical to the technology used in [5]. We shall also make a theoretical comparison
based on the table results in [14].

Only the division algorithms will be examined since no data on the square root tables is
available. As we have seen the hardware needed to implement the square root and combined
algorithms is very similar. The results we obtain for the division case, should therefore also
give an indication of the performance of these algorithms. For the implementations, we shall
abide to the following conventions:

e We assume that one carry-lookahead adder is available in the main arithmetic unit.
Usage of this adder will not take up any area, but will of course incure some delay. This
assumption is also made in [5].

e The carry-lookahead adder can be used two times per cycle.
e Critical paths are shown in gray in diagrams.

e Non-critical delays are shown in parentheses in tables.

e Cycle time is rounded to nearest integer.

e Total area is rounded to nearest 100.

8.1 Division

The main difference between the direct comparison method and the table lookup method is
the implementation of the quotient digit selection. Now we describe how we implement the
comparisons in hardware. Two alternatives are available.

e Method 1: Compute the comparison functions to A bits beforehand. In every iteration
we perform a A-bit 3-2 subtraction of the comparison functions from {SR;}, followed
by a sign detection on the redundant result. We then need the comparison functions
in non-redundant form. The ones whose formation is nontrivial, i.e 3D etc., need to be
computed beforehand.

83
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o Method 2: We use 4-2 adders instead, for subtracting the comparison functions from
the truncated partial remainder. With this approach there is no need to store the
comparison functions, since they are only needed in redundant representation. For
example in carry-save 3D can be encoded as 3D = (2D)” + (D), and in borrow-save
as 3D = (4D)* — (D)". Note that the 4-2 adders need not be full-precision. If we need
A bits of for example 3D then we use A + 1 bits of 2D and D. The corresponding 4-2
adder then needs to be A + 1 bits wide, as does the sign detection circuit.

The two methods may be mixed so that some of the comparison functions are computed and
stored at the beginning, while the rest are computed on-the-fly. Each comparison function
that is computed at the beginning needs one half of a cycle of computation time, due to the
use of the carry-lookahead adder.

Since 4-2 adders are slower and use more area than the 3-2 adders Method 1 seems better.
However, this advantage is diminished by the initial cycles needed to compute the comparison
functions. A number of factors influence our choice between the two methods including;:

e The time needed to compute the comparison function to begin with should be less than
the sum of the speed increase due to using 3-2 adders, taken over the rest of the cycles.

e For higher radix we need less cycles, so the weight of the initial cycles increase. But
we should also expect higher a cycle time, implying that we could compute more than
two comparison functions in one cycle. For simplicity we shall stay with our initial
assumption that one use of the adder takes one half of a cycle, regardless of the cycle
time.

The best approach is very technology dependent, as one could imagine.

Depending on the implementation we may choose to perform only the comparisons involv-
ing positive comparison functions. In this case we first factor out the sign of {SR;}a then
subtract, determine quotient digit and finally multiply the result by the sign. The advantage
here is that we only need half the number of comparators, each A — 1 bits wide. This comes
at an additional delay for computing the sign of {#R;}a, and multiplying the result by it.

8.1.1 Radix 2, with Carry-Save Adder

In Section 4.3.11 we saw that we can use comparison functions s, = {—1/2,0} and A = 4.
Figure 8.1 shows a diagram of this implementation. We use Method 1 since the comparison
functions do not need any storage. For the comparisons we first perform a 1-bit carry-save
addition of 1/2 to {#R;}a. The two borrow-save numbers are then converted to sign-digit
through a single XOR-gate. Then we determine the sign of the two sign-digit numbers. The
most significant bits are negated before feeding them to the sign-determination tree. For each
comparison we need the sign-detection tree shown in Figure 8.2. The sign-digit output (r*, r?)
of the two trees is fed into two NAND-gates. Let the outputs of the two NAND-gates be eg
and ej.

Lo 1| ain |
0 0| -1
10| 0
1|1
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(Rq)® (Ri°© D

4

!

QUOTIENT

DIGIT

SELE¢CTION

2 qit1

WV

2-1 MUX

—qi41D

CSA

CONVERT &

ROUND

Q (Rig1)® (Rig1)©

Figure 8.1: Implementation of radix-2 division with carry-save adder.

4-2 MUX

Figure 8.2: Sign detection tree, A = 4, sign-digit operands.
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These now have to be recoded into borrow-save with the encoding.

Lot [0 | g |
-1
0
The recoding is given by:
¢ =¢e, ¢ =e. (8.1)

Thus the recoding can be accomplished by a single NOT-gate. The delays and area used
for quotient digit selection are shown in Table 8.1. Table 8.2 shows the delay and area, for

event H delay area

3-2 CSA 1-bit 4.2 6.7
conversion to SD 2.2 17.6
negation of msb 1.0 2.0
o-tree 4-bit (-2) 2.8 36.0
encode 14 3.0

total 11.6 65.3

Table 8.1: Radix-2 delay and area for quotient-digit selection.

the whole circuit. Note that the delay of the CSA is the delay of the input from the MUX,
since this input is fed to fast output of the CSA The two inputs to the CSA from the partial
remainder, which are fed to the slower outputs of the CSA, are available much earlier. As

event H delay area

registers (-3) 8.0 650

quotient-digit selection 11.6 70

buffers (-2) 1.8 5

2-1 MUX 1.4 160

3-2 CSA 2.2 360

convert and round || (13) 1900
cycle time 25

total area 3100

Table 8.2: Radix-2 total delay and area.

shown in Example 3.4.2 of [5] the circuitry needed to implement the comparisons is very
simple. Implementing the two comparisons with comparators is a bad design choice.
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8.1.2 Radix 4, Minimally Redundant with Carry-Save Adder

We use s, = {—=D/2,0,D/2,3D/2} and A = 7. Figure 8.3 shows the implementation of
Method 1. We compute the comparison function 3D /2 at the beginning. For each comparison

X D D 2D

L ||

(Ri)® (RY)°© D CLA

7
. ' D/2 3D/2

QUOTIENT

DIGIT

SELE¢LTION

4 qit1

4-1 MUX

—qi41D

CSA

CONVERT &

ROUND

Q (Rit1)® (Rit1)°

Figure 8.3: Implementation of radix-4 division.

we need the 7-bit sign-detection tree shown in Figure 8.4. The sign-digit outputs from the
trees are fed into four NAND-gates, to produce four >-signals. Let the outputs from the
NAND-gates be e_1, eg, €1, €3.

e lcole|ea] g |

0| 0] 0] 0 -2
11 0] 0] 0 -1
11 1] 0] 0 0
1 1] 1] 0 1
1] 1) 1|1 2

We want the borrow-save encoding.
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. da 51 =g -1 s—2 4 sy
2 c1 <o J c_1]| c_a c_3 c_4\
4-2 MUX 4-2 MUX 4-2 MUX
4-2 MUX 4-2 MUX
4-2 MUX
(r*,r9)

Figure 8.4: Sign detection tree, A = 7, sign-digit operands.

2—

L ot Lo | o |

0 0 0 1 -2
0 0 1 0 -1
0 0 0 0 0
0 1 0 0 1
1 0 0 0 2
So we recode as follows:
T =1, ¢ =e1Dey, ¢T=eDey, ¢t =en (8.2)

Table 8.3 shows the area and delay for quotient digit selection. The delays and area con-

event H delay  area

3-2 CSA 7-bit (-3) 4.2 140.7
convert to SD 22 616
o-tree 7-bit (-4) 4.2 144.0
encode 3.2 7.2

total 13.8 353.5

Table 8.3: Radix-4 delay and area for quotient-digit selection.

sumption for the entire implementation is shown in Table 8.4.
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event H delay area ‘
CLA || (1 cycle) 0
registers (-3) 8.0 650
register 6-bit (8.0) 24
quotient-digit selection 13.8 350
buffers (-4) 1.8 10
4-1 MUX 1.8 300
3-2 CSA 2.2 360
convert and round (13) 1900

cycle time 28

total area 3600

Table 8.4: Radix-4 delay and area.

8.1.3 Radix 4, Maximally Redundant with Carry-Save Adder

We can use s, = {—-2D,—-D,0,D,2D,3D} and A = 6. We store the comparison function,
3D, in a full-length register.

Encoding of the sign-digit output from the tree into borrow-save for ¢;11. This encoding
can be achieved with the same logic as in the previous example. Table 8.5 shows the area
and delay for quotient digit selection. The delays and area consumption for the entire imple-

event H delay  area

3-2 CSA 6-bit (-5) 4.2 201.0
convert to SD 2.2 79.2
o-tree 6-bit (-6) 4.2 180.0
encode 3.2 7.2

total 13.8 467.4

Table 8.5: Radix-4 maximally redundant, delay and area for quotient-digit selection.

mentation is shown in Table 8.6. The results are almost identical to the minimally redundant
case.

8.1.4 Radix 8, Minimally Redundant with Carry-Save Adder

We can use s, = £{D/2,3D/2,5D/2,7D/2}, and A = 9. Calculate non-redundant truncated
versions of 5D and 7D to begin with, and a full-length non-redundant 3D. All comparison
functions are then available in non-redundant form. And all divisor multipla are available.

The rest of the comparison functions are computed in every iteration. Figure 8.5 shows
this implementation. Table 8.7 shows the area and delay for quotient digit selection. The
delays and area consumption for the entire implementation is shown in Table 8.8.
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event H delay area ‘
CLA || (1 cycle) 0
registers (-4) 8.0 860
quotient-digit selection 13.8 470
buffers (-6) 1.8 15
6-1 MUX 2.2 400
3-2 CSA 2.2 360
convert and round (13) 1900
cycle time 28
total area 4000

Table 8.6: Radix-4 maximally redundant, delay and area.

X D D 2D
(Ri)® (R° D cLA
9
0 ' ° 3D
QUOTIENT ‘
DIGIT 9
SELE{TION L
5D
8 q£+1 o
7D
<t 9
8-1[MUX
—qi41D
csa
CONVERT &
ROUND
Q (Rit1)®  (Rig1)®

Figure 8.5: Implementation of Radix-8 Minimally Redundant Division.
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event H delay area

3-2 CSA 9-bit (-8) 4.2 4824
convert to SD 2.2 1584
o-tree 9-bit (-8) 5.6 384.0
encode 3.2 8.4

total 15.2  1033.2

Table 8.7: Radix-8 minimally redundant delay and area for quotient-digit selection.

event H delay area ‘
CLA || (2 cycles) 0
registers 53-bit (-4) 8.0 860
registers 9-bit (-2) (8.0) 70
quotient-digit selection 15.2 1000
buffers (-8) 1.8 20
8-1 MUX 2.0 400
3-2 CSA 2.2 360
4-1 MUX (1.8) 300
convert and round (13) 1900
cycle time 29
total area 4900

Table 8.8: Radix-8 minimally redundant, delay and area.
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8.1.5 Radix 8, Maximally Redundant with Borrow-Save Adder

We can use s, = Uy—; and A = 7. To avoid generating 3D,5D and 7D to full precision
for the divisor multiplum generation, we split the quotient digit into two components, ¢' €
{=2,-1,0,1,2} and ¢" € {-8,—4,0,4,8}, as suggested in [5].

We store truncated versions of 3D,5D,6D, and 7D. These require 2 cycles to compute,
and 4 7-bit registers. We also need 12 3-2 6-bit BSA’s, and 2 1-bit BSA’s, since we can use a
1-bit constant in the case of the comparison with D, as shown in Table 4.3. The delays and
area for quotient digit selection are shown in Table 8.9. The delays and area consumption for

event H delay area ‘

3-2 BSA 7-bit (-12) || 4.2 562.8
3-2 BSA 1-bit (-2) || (4.2) 134
convert to SD 2.2 2156
o-tree 7-bit (-14) 4.2 504
encode to geq 1.0 7.0
encode (¢") 2.2 5.4
encode (¢') || (4.0) 20.0

total 13.8 1338.2

Table 8.9: Radix-8 maximally redundant, delay and area for quotient-digit selection.

the entire implementation are shown in Table 8.10.

event H delay area ‘
CLA || (2 cycles) 0
registers 53-bit (-3) 8.0 650
registers 7-bit (-4) (8.0) 110
quotient-digit selection 13.8 1300
buffers (-8) 1.8 20
4-1 MUX 1.8 300
3-2 CSA 2.2 360
4-1 MUX (1.8) 300
3-2 CSA 4.2 360
convert and round (13) 1900
cycle time 32
total area 5300

Table 8.10: Radix-8 maximally redundant, delay and area.
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8.1.6 Radix 16, with Carry-Save Adder

The implementation is radix-16 with @ = 10, i.e p = 2/3. The reason is that the decompo-
sition of the quotient digit into ¢” and ¢! described in the previous implementation, allows a
maximum digit of 10, and minimum digit -10.

We can use s, = +{D/2,3D/2,5D/2,7D/2,9D/2,11D/2,13D/2,15D/2,17D/2,19D/2},
and A =9, as seen in the division chapter. Due to the large number of comparison functions,
and the fact that we have to use 4-2 adders for some of them We compute 3D,5D and 7D to
10 bits to begin with and store them for later use. The rest of the comparison functions can
then be generated from these three and from shifted values of D. Due to the large number
of comparison functions, and the fact that we have to use 4-2 adders for some of them, we
choose to factor out the sign before quotient digit selection, to save area. Table 8.11 shows the
area and delay for quotient digit selection. The delays and area consumption for the entire

event H delay area

sign-detect 9-bit 4.2 48.0
3-2 CSA 8-bit (+4) || (4.2) 214.4
4-2 CSA 9-bit (-6) 6.0 837.0

convert to SD 2.2 189.2
o-tree 8-bit (-4) || (4.2)  168.0

o-tree 9-bit (-6) 4.2 288.0

encode to geq 1.0 10.0

encode (¢") 2.2 3.2
encode (¢') || (4.0) 10.0
sign-multiply 2.2 4.4

total 22.0 1772.2

Table 8.11: Radix-16 delay and area for quotient-digit selection.

implementation are shown in Table 8.12.

8.2 Comparison

A comparison between direct comparison and table lookup is made based on previous results
in the litterature.

e A theoretical comparison is made based on the results in [14].

e Based on [5] we make a comparison of a few implementations.

8.2.1 Theoretical Comparison

According to a study performed by Obermann and Flynn [14] the delay grows linearly with the
radix, while the area grows quadratically with the radix. The average delay and area for radix
2 through 32 is shown if Figures 8.6 and 8.7. The area is fitted to a polynomial of degree 2,
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event H delay area ‘
CLA || (2 cycles) 0
registers 53-bit (-3) 8.0 650
registers 10-bit (-3) (8.0) 120
quotient-digit selection 22 1800
buffers (-8) 1.8 10
4-1 MUX 1.8 300
3-2 CSA 2.2 360
4-1 MUX (1.8) 300
3-2 CSA 4.2 360
convert and round (13) 1900
cycle time 40
total area 5800

Table 8.12: Radix-16 delay and area.

confirming the quadratical dependence. These delays are close to a linear dependency except

for the radix-2 delay, which is too small compared with the other delays.
direct comparison method for maximally redundant digits sets, borrow-save, and s, =

we have from (4.38),(4.40) and (4.71):

A = log, 8+ 4.

We now analyse the

q—1

(8.3)

The delays and area for a single A-bit comparison are shown in Table 8.13. Assume that we

event H

area ‘

delay
3-2 BSA A-bit 4.2 6.7- A
convert to SD 2.2 2.2-A
o-tree A-bit || 1.4 [logy, A] 6.0- (A —1)
encode to > 1.0 1.0

Table 8.13: Delay and area for one comparison.

just output the quotient digit in borrow-save. Then we get an additional delay for encoding
the 2a outputs to borrow-save, corresponding to a row of XOR’s, and a single NOT-gate.
The total delay is then

delay = 9.6+ 1.4-[log, A]
= 9.64 1.4- [log,(log, 5+ 4)].
And the total area is:
area. = 2a-(15.9-A+3.2-6.0)

= 2(8-1)(9.9- (log, 3+ 4) — 2.8).



8.2. COMPARISON 95

16

delay 4 + _

Figure 8.6: Relative table delay according to [14].
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Figure 8.7: Relative table area according to [14].
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So the delay grows as log? 3, while the area grows with 3-log 3. In both cases these growth
rates are asymtotically better than the ones found by Obermann and Flynn for the tables.
For radices 2 through 16 we have identical delay. The delay is a piecewise linear function,
and we have the same delay for radix-32 and up to radix-8192.

The relative delays and area of the quotient digit selection for the direct comparison
method is shown as a function of the radix, in Figures 8.8 and 8.9.

1.08

1.07 -
1.06 -
1.05 -
delay 1.04 +
1.03 -
1.02 -

1.01 -

1 | |
0 5 10

35

Figure 8.8: Direct comparison relative theoretical delay for quotient digit selection.

These results are of course only theoretical. Practical limitations such as generating the
divisor multipla are not considered. To summarize the above:

method H delay ‘ area ‘
table O(p) 0(5?)
comparators O(log2 B) | OB -logy(5))

Although the comparators have better asymptotical performance, constant factors can make
this advantage disappear. We therefore need to investigate some actual implementations.

8.2.2 Comparison of Implementations

The implementations presented in Section 8.1 are now compared with the implementations
in [5]. These comparisons should provide a clearer picture of whether the direct comparison
method can compete with the tables or not.

Table 8.14 shows the delay and area for the implementations:

e Radix-2 with carry-save

e Radix-4 a=2 with carry-save
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Figure 8.9: Direct comparison relative theoretical area for quotient digit selection.

e Radix-8 a=7, and carry-save for table lookup, borrow-save for direct comparison.

e Radix-16 a=10. Direct comparison only.

implementation || f =2 f=4 5 =28 5 =16

tab de tab de tab de de

relative cycle-time 1.0 1.3 1.3 1.4 1.5 1.6 2.0
number of cycles 56 56 28 29 19 21 17
relative speedup 1.0 0.8 1.6 1.4 2.0 1.7 1.7
relative area 1.0 1.0 1.1 1.2 1.4 1.7 1.9

relative speedup/area 1.0 0.8 1.5 1.2 1.4 1.0 0.9

Table 8.14: Comparison of implementations

Figure 8.10 shows the results from Table 8.14 in graphical form. The results show that
the table lookup method is slightly superior to direct comparison. However, a radix-16 table
is impractical, while it is possible for direct comparison albeit at a large area expense. For
radix-8, minimally redundant the cycle time is lower for direct comparison than it is for the
maximally redundant radix-8 table implementation, but this advantage is lost due to the two
overhead cycles needed. Since the tables are optimized and the comparators are not, these
results do not give a true picture, of the actual relationship between the two methods. The
tools used for optimizing the tables (ESPRESSO, SIS etc.) are not at our disposal, so there
is no way that we can achieve the same level of optimization for the comparators. But we
may take some comfort in the fact that even without optimization we can achieve a lower
cycle time.
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table <—
35 DC + -

2.5 .
speedup

area

Figure 8.10: Comparison of implementations.

8.2.3 Comparison of Quotient Digit Selection

The cycle times obtained by Ercegovac and Lang seem small compared to Obermann and
Flynn. Assume that the delay for the radix-2 table is identical in both [14] and [5]. Since
the logic needed to implement the table is very simple, this is a fair assumption. The relative
delay and area are shown in Figures 8.11 and 8.12.

It is evident from these figures that direct comparison lies somewhere between the two table
lookup results. This just goes to show that results can be very implementation dependent.
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Figure 8.11: Comparison of relative quotient digit selection delay.
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Figure 8.12: Comparison of relative quotient digit selection area.
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Chapter 9

Conclusion

To conclude our investigation we summarize the results found in the previous chapters.

e The comparators have a better asymptotic performance than the tables, in terms of
delay and area

e The implementations compared in Chapter 8 showed that the highly optimized tables
were slightly faster than the unoptimized comparators. If we had the tools to optimize
the comparators we this advantage would shrink, and probably turn the other way.

e The implementation of the comparators is far simpler than the lookup table This should
not be underestimated, given the number of errors made in previous litterature, and
the Pentium incident. This simplicity should also allow a chip designer to produce a
design in less time.

Overall it is our opinion, that based on the results presented here demonstrates that direct
comparison is a more than adequate alternative to the table lookup approach.

Future developments
e Direct comparison in conjuction with scaling, and very high radix.

e A more exact comparison could be achieved if we had used the same optimizations etc.
as Ercegovac and Lang used for their implementations.

e Analysis of square root and shared implementations.
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Appendix A

Robertson and Taylor Diagrams

The ‘Robertson diagram’ was introduced by J.Robertson in [15], as a means of illustrating
‘arithmetic procedures during division’.

The ‘Taylor diagram’, a term coined by Williams and Horowitz [18], is named after
G.Taylor based on the article [16]. These diagrams are used in this thesis several times,
and their construction is therefore explained here.

A.1 Robertson Diagrams

The Robertson diagram is a useful tool for visualising digit selection functions, for both
division and square root digit serial algorithms. Let 3 be the radix, and assume that we are
using a digit set D, and let the digit selection function be:

diy1 = d_select(R;,Y), (A1)

where Y = D in division and Y = .5; for square root.
Assume that the recurrence is given by:

Riy1 =0R; — di /W, (A.2)

and let the boundaries on R;4y be B;,; and §i+17 where W = D for division and W =
25; + d; 118" for square root.

The Robertson diagram has as axes the shifted partial remainder SR;, and the next
remainder R;y;. The selection functions is then plotted in as follows: For each digit in D we
plot the line R4y = BR; — di/W.

For each possible value of R, d;11 is determined by moving up or down along the R;41-
axis until we meet one of the straight lines, say R;y; = SR; — dW | the returned digit d;14 is
then d.

Note that depending on the digit set the function d_select may have more than one possible
digit choice, however if we use a complete digit set, we always have at least one choice. The
resolution of the possible digit choice conflicts, depends on the actual implementation. Also
note that how one resolves the conflicts may depend on D. An example of a Robertson
diagram is illustrated in figure A.1.
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R4

2R;

—VD D 2D
-D

Figure A.1: Robertson diagram for binary non-restoring division.

A.2 Taylor Diagrams

Another useful instrument, used in the design of a digit selection function is the Taylor
diagram, or PD-plot as it is known in the division case. The PD-plot has as axes the shifted
partial remainder, S8R; and the divisor D. The digit selection intervals which are functions
of D are then drawn in the diagram. These diagrams are sometimes drawn with the axes
swapped. For historical reasons we shall draw them as is illustrated in figure A.2, showing a
PD-plot for SRT division.

BR;

Figure A.2: Taylor diagram for SRT division.



Appendix B

Logic

We will use the same technology as in Appendix B of [5].

e 2-input NAND gates are used as units, for delay and area.

e Operands are 53-bit floating-point.

e Interconnections are not included.

e Delays within modules are the maximum of the delay for a high to low transition and a
low to high transition. The delay of a number of gates is not just the sum of the delays

of the individual gates.

B.1 Gates
‘ gate H delay area
NAND 1.0 1.0
NOT 1.0 1.0
XOR 22 22

B.2 Basic Modules

‘ module H delay

area

2-1 MUX

2.1 MUX (FA)
3-1 MUX

4-1 MUX

6-1 MUX

8-1 MUX
Register (1-bit)
Buffer (1-bit)

1.4
2.0
1.6
1.8
2.0
2.2
8.0
1.8

3.0
2.3
4.4
5.6
6.6
7.4
4.0
2.6

The reason we have two different 2-1 MUX’es is that sometimes we optimize for speed

and sometimes for area.
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B.3 Complex Modules

3-2 CSA: A 3-2 CSA is just an array of full-adders. The delays and area for a full-adder are:

‘ module H delay area

full-adder 6.7
a,b— sum 4.2

Cin — SUM 2.2

a,b — cour 3.8

Cin — Cout 2.0

4-2 CSA: This takes two carry-save inputs and outputs one carry-save operand. Like the 3-2
CSA the outputs have different delays. For our purpose we only need the maximum
delay of the adder.

‘ module H delay area ‘

4208 | 60 155

4-2 BSA: Although a 4-2 BSA is not included in [5] we shall assume that it is identical in
delay and area to a 4-2 CSA.

‘ module H delay area ‘

|42BSA | 6.0 155

Signum-node: The signum node has two sign-digit input and one sign-digit output. The o-
composition node given in Section 2.10.2 of [12] can be realized by a 4-2 MUX, which
is equivalent to two 2-1 MUXes.

‘ module H delay area ‘

‘ Signum-node H 1.4 6.0 ‘

Comparator: As stated in Section 2.6 a A-bit comparison of an operand in redundant rep-
resentation with a A-bit constant can be performed by first subtracting the constant
from the redundant operand and then determining the sign of the resulting redundant
operand. If the constant is in non-redundant form we can use a 3-2 adder, and if it is
in redundant representation we can use a 4-2 adder.

Observation 2.10.14 in [12] states that the sign-determination can be performed using
a tree of o-nodes. If the operand we wish to determine the sign of is in borrow-save,
then we convert it to sign-digit, and feed the converted operand to the signum tree.
This conversion can be realized through a single XOR gate. For carry-save we can do
the same with the exception that we invert the most significant bits, after conversion
to sign-digit. The output of the final signum-node is two bits in sign-digit encoding,
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signifying one of the three relations <, =, >. A single signal giving the relation > can
be obtained by performing a NAND on the two output bits.

Observation: The number of signum nodes needed for a A-bit comparison is A — 1.
Observation: The depth of a sign determination tree is: [log,(A)].
Observation: The delay of this sign-detection is less than the zero and sign-detection

network in EL.

Encoder: The ouputs from the comparators is a string of > signals, which have to be encoded
in borrow-save, since the quotient digit ¢;4+1 is needed in this representation. The logic
needed to perform this encoding is implementation variant.

Convert and Round: The convert and round network perform the on-the-fly conversion and
rounding of the quotient.

module H delay area

Sign and Zero Detect 15 600
Convert and Round 13 1300

Sign and zero detection is only used for postcorrection and rounding, while convert and
round is used in every iteration.

Lookup table: We shall not implement the tables in logic, but instead use the results obtained
by other sources.



108 APPENDIX B. LOGIC




Bibliography

[1]

E. Antelo, T. Lang, and J.D. Bruguera. Computation of y/2/d in a Very High Radix
Combined Division/Square-Root Unit with Scaling and Selection by Rounding. IFEE
Transactions on Computers, 47(2):152-161, Feb. 1998.

D.E. Atkins. Higher-Radix Division Using Estimates of the Divisor and partial remain-
ders. IEEE Transactions on Computers, C-17(10):925-934, Oct. 1968.

R.E. Bryant. Bit-Level Analysis of an SRT Divider Circuit. Technical report, School of
Computer Science, Carnegie Mellon University, 1995.

N. Burgess and T. Williams. Choices of Operand Truncation in the SRT Algorithm.
IEEE Trans. Computers, 44(7):933-938, July 1995.

M.D. Ercegovac and T. Lang. Division and Square Root: Digit-Recurrence Algorithms
and Implementations. Kluwer Academic Publishers, 1994.

J. Fandrianto. Algorithms for High Speed Shared Radix 4 Division and Radix 4 Square
Root. In Proceedings of the 8th IFEE Symposium on Computer Arithmetic, Como, Italy,
1987. IEEE Computer Society Press, Los Alamitos, CA.

J. Fandrianto. Algorithms for High-Speed Shared Radix 8 Division and radix 8 Square-
Root. In Proceedings of the 9th IFEFE Symposium on Computer Arithmetic, Santa Mon-
ica, USA, September 1989. IEEE Computer Society Press, Los Alamitos, CA.

H. RueB, N. Shankar, and M.K. Srivas. Modular Verification of SRT Division. In Rajeev
Alur and Thomas A. Henzinger, editors, Proceedings of the Fighth International Confer-
ence on Computer Aided Verification CAV, volume 1102 of Lecture Notes in Computer
Science, pages 123-134, New Brunswick, NJ, USA, July/August 1996. Springer Verlag.

IEEE Standard for Binary Floating-Point Arithmetic, 1985.

V. Kantabutra. A New algorithm for Division in Hardware. In IFEE International
Conference on Computer Design, 1996.

V. Kantabutra. A New Theory for High-Hadix Division in Hardware: Two Direct,
Comparison-Based Radix-8 Cases, unpublished. 1997.

Peter Kornerup. Manuscript of book in progress.

S.F. Oberman and M.J. Flynn. An Analysis of Division Algorithms and Implementations.
Technical Report CSL-TR-95-675, Computer Systems Laboratory, Stanford University,
July 1995.

109



110

BIBLIOGRAPHY

[14]

[15]

[16]

[17]

[18]

[19]

S.F. Oberman and M.J. Flynn. Measuring the Complexity of SRT Tables. Technical
Report CSL-TR-95-679, Computer Systems Laboratory, Stanford University, Nov. 1995.

J.E. Robertson. A New Class of Digital Division Methods. IRE Trans. Electronic Com-
puters, KC-7:218-222, Sept. 1958.

G. S. Taylor. Compatible Hardware For Division and Square Root. In Proceedings of the
5th Symposium on Computer Arithmetic, pages 127-134. IEEE Computer Society Press,
1981.

T.D. Tocher. Techniques of Multiplication and Division for Automatic Binary Comput-
ers. Quarter. J. Mech. App. Math., 2:364-384, 1958.

T.E. Williams and M. Horowitz. SRT Division Diagrams and Their Usage in Designing
Custom Integrated Circuits for Division. Technical Report CSL-TR-87-326, Computer
Systems Laboratory, Stanford University, Nov. 1986.

J. Zurawski and J. Gosling. Design of a High-Speed Square Root Multiply and Divide
Unit. IEEE Transactions on Computers, C-36(1):13-23, Jan. 1987.



