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Abstract

This document describes an open source, customizable floating-point multiplier package. The multiplier and the software that generates it are customizable by hand, but most desired customization can be achieved through a World Wide Web-based interface. The multiplier complies with the IEEE Standard 754
, supporting all four rounding modes (nearest even, zero, positive infinity, negative infinity), appropriate flags (inexact, overflow, underflow), denormalized numbers, and trapped overflow and underflow.

1. Introduction

A floating-point multiplier is nothing new. The IEEE 754 standard was published in 1985 and was based on work that was already old at the time. Why should engineers spend time redesigning the proverbial wheel?

Put simply, they should not. But they do, regardless. Engineers spend precious design time on already completed tasks for many reasons. Perhaps they need a multiplier with a 25-bit significand instead of the standard 23. Perhaps they need to squeeze the multiplier onto a field programmable gate array with other large components, and do not have space to include unneeded features. Perhaps they simply cannot afford the intellectual property (IP) libraries that contain the designs they need.

This package was designed with these issues as the primary problems to overcome. It includes all the software needed to generate custom Verilog-coded floating-point multipliers, and is provided under the GNU General Public License (GPL)
. Additionally, users can use the World Wide Web-based source code generator for quickly customized implementations of the IEEE 754 standard.

1. AUTONUM  Notation and Simplification

This multiplier is, by design, incredibly customizable. To avoid the loss of clarity in pursuit of generality, the multiplier will be treated in as a specific implementation of the whole set of customized versions. Specifically, the multiplier considered will provide all four rounding modes, handle all three appropriate flags, and the multiplier, multiplicand, and product will be in IEEE 754 single precision format.


Often, binary floating-point numbers will be split into their component parts: the sign, exponent, and mantissa. These three portions will be represented by uppercase letters: S, E, and M, respectively. As prescribed by the single precision format, E is eight bits wide ([7:0]) and M is twenty-three bits wide ([22:0]). The numbers represented by those component parts will be referred to with lowercase, italic letters: s, e, and m, respectively.


Variables will be suffixed with an appropriate letter to indicate of which number it is a part. The two floating-point inputs are a and b, so their components will be expressed as sa, ea, ma, sb, eb, and me. The floating-point output is y, the product of a and b. Other variables will be defined before being used.


The most significant bit of a binary string will be denoted as MSB, and the least significant bit will be denoted LSB. To specify that the MSB or LSB is one, ufp (unit in the first position) and ulp (unit in the last position) will be used, respectively. The bit in (MSB, LSB) closest to MSB is the second bit. The case when it is one will be called usp (unit in the second position) and the case when it is zero will be called zsp (zero in the second position).

2. The Top-Level

The multiplier takes in three inputs: two floating-point numbers (a, b) and a set of rounding mode control signals. The two numbers must be in IEEE 754 floating-point format
, and will be referred to as the inputs. The control signals are further described in section 6. Control Signals, and will be collectively referred to as the rounding mode.

First, the multiplier examines the inputs and generates control signals for the rest of the multiplier. It checks to see if the inputs are zero, not a number (NaN), or infinity. It also computes sy:

sy =   sa  (  sb

This information is passed to the other parts of the multiplier for a variety of uses, many of which are covered later in this document.

After the preprocessing is complete, the multiplier path splits in two: the standard path and the special case path. The standard path (described in Section 3. The Standard Path) produces p: 

p  =    a  x  b

assuming that a and b are numeric (not including zero). The special case path (described in Section 4. The Special Case Path) produces z:

z  =   {NaN, 0, ∞}

by assuming that a and/or b are/is nonnumeric (including zero) and attempts to determine in which way(s).

The two paths converge at a multiplexer, which chooses between p and z based on information provided by the special case logic.

The multiplier provides two outputs: y and a set of flags. The flags indicate exceptional circumstances and are explained in section 7. Flags. 

3. The Standard Path

The standard path has several stages: prenormalizing, multiplying, postnormalizing, shifting, and rounding. All of the stages involve multiple steps, but some stages are more complex than others. Each is described in its own section. 

3.1. Prenormalizing

Recall that, in IEEE 754 format, normalized numbers have an implicit leading 1, and that denormalized numbers do not. Additionally, recall that denormalized numbers use leading zeros to increase the range of the exponent. To keep the multiplication stage simple, both inputs are converted into the same form. In the prenormalization stage, the multiplier produces two numbers, C and D, defined as follows:
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with similar definitions for D.

3. AUTONUM  Multiplying

The multiplication stage involves three parts: multiplying mc and md, adding ec and ed, and detecting tininess.

Multiplying the mantissas – The two mantissas are already in a standard form due to the prenormalization stage. The multiplication part produces two new values, mf and the “two or more” flag, t:

mf = mc x md
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Adding the exponents – ec and ed include an implicit bias
 and ef must have the same bias:

ef = (ec-bias) + (ed-bias) + bias
This can easily be simplified to:

ef = ec + ed – bias
which would be the result if mf never overflowed the range [1,2).  Because it does overflow that range, however, the actual result is:

ef = ec + ed – bias + t

Detecting tininess – The result is said to be tiny if it smaller than can be represented by a normalized number.
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3. AUTONUM  Postnormalizing

In the postnormalization stage, the multiplier normalizes the product and returns MN:
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3. AUTONUM  Shifting

If the product is a denormalized number, then it might need to be shifted to the right to provide the appropriate number of leading zeros to indicate the correct exponent. This stage outputs MQ and EQ:
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If any bits are “lost” because of shifting, this is indicated by the internal shiftloss signal.

3. AUTONUM  Rounding

The product of two n-bit numbers has the potential of being 2(n+1) bits wide. The result of floating point multiplication, however, must fit into the same n bits as the multiplier and the multiplicand. This, of course, often leads to loss of precision. The authors of the IEEE standard attempted to keep this loss as minimal as possible with the introduction of standard rounding modes.

When all are enabled, the multiplier supports all IEEE rounding modes: round to nearest even, round to zero, round to positive infinity, and round to negative infinity. The multiplier determines rounding mode based on the two-bit control signal provided as input. The encoding for the rounding modes is shown in Figure 1.

	Rounding Mode
	Abbr.
	Encoding

	Nearest even
	RN
	00

	Zero
	RZ
	01

	Positive infinity
	RP
	10

	Negative (minus) infinity
	RM
	11


Figure 1 - Rounding mode encodings

Based on the rounding mode reduction method of Quatch et al.
, round positive infinity and round negative infinity are reduced, using the sign of the product, into round infinity (RI) and round zero. Figure 2 shows the reduction.

	Mode
	Sign
	Result

	RP
	+
	RI

	RP
	-
	RZ

	RM
	+
	RZ

	RM
	-
	RI


Figure 2 - Rounding mode reduction

MQ, also called the "infinitely precise result," is split into an upper (MU) and lower (ML) portion. Recalling that the mantissa of a single-precision floating-point value is twenty-three bits long,

MU = MQ [MSB : MSB-22] (the 23 most significant bits)

ML = MQ [MSB-23 : 0] (everything else)

Additionally, the multiplier produces the “rounded up” version of MU, MV:

MV = MU + ulp

The choice between mu and mv is called the rounding decision, R, and can differ according to the rounding mode:

Round nearest even:
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Round to infinity:
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Round to zero (also called "truncate" mode):

R = 0

The result of the rounding stage, and of the entire standard path, p, is then determined:
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4. The Special Case Path

The multiplier cannot always determine a result by simply doing a multiplication. There are certain inputs that require the multiplier to take special action. The multiplier performs this action in parallel with the regular multiplication, and chooses this special result in cases in which it is required.

Not a number (NaN) - The IEEE 754 Standard specifies that an implementation will return a NaN that is given to it as input, or either one if both inputs are NaN's. The multiplier can be configured to return either the first NaN or the higher of the two. The Intel Pentium series returns the higher of the two NaN’s and, as this multiplier was tested using a processor from that series, the multiplier is by default set to do the same.

Infinity - Nearly anything multiplied by infinity is properly signed infinity, with the exception of NaN, described above, and zero, described below.

 
Infinity and zero - The result of the multiplication of infinity and zero is undefined. The multiplier will therefore return a predefined NaN.


If none of these cases apply, the special case path signals that the result of the standard path should be chosen.

5. Assembling

In the assembly stage, the multiplier makes the final decisions as far as whether to choose the standard product or the special case result and whether or not to set the flags based on the signal from the special case path (see Section 4. The Special Case Path). The flags are chosen based on many factors, as is further explained in Section 7. Flags.  There is also the possibility that an underflow or overflow trap will be thrown. Trapped overflow and underflow provide a method for users to determine what a result would have been had it not overflowed or underflowed by adding a trap bias to the exponent (negative in the case of overflow, positive in the case of underflow). 

6. Control Signals 

The multiplier accepts control bits for trapped underflow and overflow, and rounding bits. 

	3 (MSB)
	2
	1
	0 (LSB)

	Trap Overflow
	Trap Underflow
	Rounding Mode 1
	Rounding Mode 0


The rounding mode bits (bits one and zero of the control signal) are passed directly to the rounding routine. For a complete description of supported rounding modes, their operation, and their encodings, please see Section 3.5. Rounding. For a complete discussion of trapping, please see Section 5. Assembling.

7. Flags

Although the IEEE 754 standard defines five flags, only three are relevant to this implementation of a multiplier. Note that if the special case result is chosen (see Section 5. Assembling), none of the flags will be set.

Inexact - The result differs from the infinitely precise result

Overflow - The magnitude of the result is too large to be represented. In addition to setting the overflow flag, the multiplier will return an appropriately signed infinity.

Underflow - The result is too small to be represented as a normalized number. The multiplier will return a denormalized number, or it will return zero if the number is too small to be represented as a denormalized number. There are two conditions that lead to underflow: tininess and loss of accuracy. Each of these conditions has two methods for detecting it defined by the standard. The differences between the methods are subtle, and only matter in corner cases
. Please refer to IEEE 754 section 7.4 for more detail on this subject.

8. Testing

The design has only been tested in single-precision mode, without trapped underflow or overflow. An automated testing system was employed to test the multiplier in more than one thousand directed cases (see Figure 3) and hundreds of millions of random cases that include normalized, denormalized, and not-a-number cases.

The test cases were generated on an Intel Pentium II machine running Windows NT. The test code generator is available for download from the World Wide Web. Please see Section 10. Future Work for more information about future work needed in testing.

	Hex Value
	Decimal Value
	Significance

	00000000
	0
	0 * x = 0

	3f000000
	.5
	.5 * x = x >> 1

	3f800000
	1
	1 * x = x

	40000000
	2
	2 * x = x << 2

	7f7ffffe
	3.4028233*1038
	Largest representable value

	00800000
	1.17549435*10-38
	Smallest normalized positive value

	7F800001
	N/A
	Signaling NaN

	7FC00000
	N/A
	Quiet NaN

	7F800000
	infinity
	∞ * 0 = NaN, otherwise ∞ * x = ∞

	007FFFFF
	1.1754942*10-38
	Largest denormalized number

	00000001
	1.401298*10-45
	Smallest positive denormalized number

	0x3F800001
	1.0000001
	1 + ε

	3F7FFFFF
	0.99999994
	1 – ε

	7FCFFFFF
	NaN
	Mixed significand

	7FFFFFFF
	NaN
	All 1’s in significand

	00123456
	1.671814*10-39
	Arbitrary denormalized number

	456789AB
	3704.6042
	Arbitrary normalized number


Figure 3 - Positive versions of corner cases. Negative versions of all cases were also included in the test set.

9. Synthesis

The design was synthesized using Synopsis Design Analyzer version 2000.05.1 (July 12th 2000), without trapped overflow and underflow. The libraries used were the DesignWare Basic and DesignWare Foundation from Synopsis, set to design to the worst-case scenario versions. Compiler options were set to high effort for both timing and area. Three tests were conducted, with the desired clock period varying. Figure 4 shows the results of the synthesis.
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Figure 4 - Combinational Area versus Data Arrival Time

10. Future Work

Multiplier - While the multiplier has been optimized and designed with both area and speed goals in mind, it has not been optimized to the fullest extent possible. Specifically, the rounding portion has very little optimization and would benefit from a redesign using the concepts from Even and Seidel
.

Testing - The number of test situations must be increased drastically. Although the multiplier has proven itself seemingly correct for fully-featured single precision, it has not been tested for arbitrary precision or for customized modes, such as those that do not handle denormalized numbers. It has also not been tested with trapped underflow and overflow. A test generator that can handle arbitrary precision and all available options must be designed to make complete testing possible. Future testing should include all the corner cases from Section 8. Testing at multiple widths of both exponent and mantissa, as well as with different option sets. It should also include exhaustive testing for all reasonably small formats.

� � HYPERLINK "http://www.gnu.org/copyleft/gpl.html" ��http://www.gnu.org/copyleft/gpl.html�; the decision regarding which license to release under is not yet final.


� This format includes provisions for standard float-point numbers, signed zeros, denormalized numbers, and not-a-numbers (NaNs). See the Standard for more information.


� See IEEE 754 for more information


� This multiplier is currently configured to detect tininess after rounding and loss of accuracy as an inexact result. These were chosen for compatibility with the Intel Pentium family of processors.
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