In the 1960's, the term "Op Art" was coined to describe the work of a growing group of abstract
painters. This movement was led by Vasarely.

Preliminary version

Range:
From logic gate to combinatorial arithmetic operators.

Pedagogy:
Experiment, understand, improve.
Complement to the lecture notes.

Method:
Animation of the lecture note figures
Synthesis, simulation, diagrams, algorithms

Chapter 1 : Full-Adder in CMOS

Chapter 2 : Adders

Chapter 3 : Multipliers followed by "CS" Multipliers

Chapter 4 : Dividers followed by Fast dividers

Chapter 5 : Square root extractors followed by Fast square root extractors

Chapter 6 : Floating point Addition

Chapter 7 : Elementary functions exponential and logarithm followed by sine, cosine, arc tangent and arc sine
Chapter 8 : Modular representation

The entire course is printable.
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"FA" function in CMOS

CMOS
technology

CMOS inverter

ba—DO—'F

CMOS technology (Complementary Metal Oxide Semiconductor) offers two types
of transistors called "N-channel" and "P-channel". CMOS is currently the dominant
technology, at least for digital circuits. Its main advantage with respect to other
technologies is remarkable low power consumption. Indeed the CMOS circuits
exhibit a static current (or quiescent current) practically negligible.
In the figures below :

* A logic 'l' is represented by the supply voltage Vdd (current values for Vdd

are +5V or +3,3V or +2,8V) and is colored in red.
* Alogic '0'is connected to the ground voltage, or GND, is colored in blue.
* A connection neither to Vdd nor to GND is in

Applet of CWMOS transistors:

Clik on gate G or source 5 of transistors to change their state

P-channel transistar M-channel transistor
5 ]
6 —iﬂj 6 —|U_‘
I
44 0 :

The N-channel transistor conducts when it gate is 'l' and the P-channel transistor

conducts when its gate is '0' The keys ﬂ i_! change the transistor's outline.

The CMOS inverter is the most popular gate. It is composed of an N-channel and a
P-channel transistors connected through their drain. The figure below illustrates its
behavior.

The colors conventions are still red for logic '1' and blue for logic'0" An input voltage
in between causes a (mild) short-circuit by maintaining both transistors in
conduction. Such a voltage is colored in green. Click on input "a" to pass from '0' to
short (green), then to 'l', then to short (green) again then back to '0' and so on.

Applet of the CWMOS inveter: y=a .a_Dﬁ ¥
Click on input a to change its voltage

Vdd

4

_|

GHD

il

Please notice that when the input is '0' or '1', only one transistor conducts.
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Delay and
dissipation of the
CMOS inverter

-a—[>c3—-"r

We just have seen that the inverter dissipates no energy except during commutation.
Indeed if the input is '0' or '1' there is no conduction path between the power supply
Vdd and the ground GND. In normal conditions, the short circuit current,
(unavoidable during input commutation) lasts a very short time, typically a few
picoseconds.

The contribution of the parasitic capacitances charge or discharge is much more
significant. The transistor gate G forms a capacitance. Anyway this capacitance is
necessary to the field effect transistor working. Typically an input capacitance Cg

may be around 10 fF. If at time ¢;, this capacitance is connected to Vdd it is charged

(charge Q = Cg * Vdd). If later on, at time ¢, the input is connected to GND the
capacitance is discharged. This discharge causes a current in the gate I = dQ/dt =

(Cg * Vdd)/(t>- t).

Although the gate charge/discharge current is
Let us take an example :

« A modern microprocessor may contain 50 million transistors, meaning about
10 million gates. For each clock cycle, about 1% of those gate commutates.

« Clock frequency may reach 1 000 MHz (cycle time 1 ns) with a power
supply Vdd = 3.3V.

« The wires connecting the gates most of the time exhibit a parasitic
capacitance Cw much larger than the gate input capacitance Cg. Each a wire
commutates, all the attached capacitances must be either charged or
discharged. : Ctotal=Cg+Cw.

« An average wire capacitance may be around / pF

It is rather difficult to estimate the current due to the short-circuits, it is generally
small. On the contrary the current due to the commutation activity is important :
I = (active gates)™* (Ctotal*Vdd) / dt = (1% * 1,000,000) * (IpF * 3.3V) /2ns = 164

Finally the quiescent current due to the transistors leaks is quite small (for a
conventional circuitry). A static memory SRAM of 2K*§ bits in CMOS let leak
1 uA when not active.

* The figure below shows the current, or electrons & flow in the CMOS inverter.
Whenever the input stays to 'l' or to '0', either the N-channel of the P-channel
transistor is blocked and there is no current

*  When the input changes, the grid of the two transistors must be charged or
discharged. This is illustrated by the flow of an electron & (with a negative
charge) coming from GND or going to Vss.

* During the input change, the voltage passes through values that let both
transistors conduct, usually during a very short time. This short-circuit current is
illustrated by an electron flowing directly from GND to Vss.

* Finally the output is charged or discharged through the transistors. The output
capacitance stores two electrons &.
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Applet for inverter delay and povwer consumption
a -
Click an input a to change its waltage '_D‘“‘

vdd -
—]
y
—L
GND S

)4

The power dissipated by a conventional CMOS circuit is consequently directly
proportional to the clock frequency.
Electrical By clicking or dragging the mouse inside the chronogram below, you control the
simulation of the input "a" voltage (plotted in red on the chronogram). The output voltage "y" is then
CMOS inverter computed (plotted in blue). The current flowing through the N-channel transistor if
drawn in green and the current through the P-channel transistor is in
“>—* To suspend the applet and freeze the plot, just get the pointer out of the picture.

d

Applet for inverter electrical simulatian.

Click here to start the simulation.

mMowve the pointer out of the picture to stall the simulation.
Click in the picture to plot the input voltage "&" {in red?,

output voltage "y,
t-channel transistor current.
P-channel transistor current.

Basic NOR and We are now studying some basic CMOS logic gate: a 2-input NOR, a 2-input
NAND gates NAND and finally a full adder cell.
Colors conventions: They are the same as the inverter's one. Connections to Vdd
(logic 'l' ) are drawn in red, connections to GND (logic '0' ) are in blue, and
connections to both Vdd and GND are in green. Finally connections neither to Vdd
nor to GND (floating) are in . The two last colors have no logic image.

« Click close to an input changes its value and consequently the state of the
transistors attached to this input.

« The line in the truth table that corresponds to the input combination is
highlighted.

+ Clicking in the truth table changes the input according to the highlighted line.

« Clicking the top of the table highlight the next line.
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Two-input NOR
gate

To simplify the applets, only logical '1' and '0' are allowed for the inputs. Therefore
it is not possible to input a value causing a short-circuit between Vdd and GND

The two-input "NOR" gate is one of the simplest gates to illustrate the term
complementary : the P-channel transistors are connected in serial while the
N-channel transistors are in parallel. The P-channel and N-channel network are
complementary.

Notice that when none of the two P-channel transistors conduct, their common
connection is floating ( ). This is a "non logic" value, however, it does not
cause trouble since it is not connected to any transistor gate.

Applet of the Z-input MOR gate: W=awh

. . . ol ¥
Click oninput a ar b to change its voltage b |
Wod [
a
b 7
¥ ah Kl
5 ool
01 ]
j 10 ]
GHD 11| 0

5]

The 2-input In the two-input NAND gate, the P-channel transistors are connected in parallel
NAND gate while the two N-channel transistors are in serial.

]

Applet ofthe 2-input MAND gate: y=a™h a

) ) ) = v
Click on input & ar b to chanoge its voltage b
el |

T

S == I}
— ool
= N
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Binary adder The "Full Adder" cell ( FA ) is made of two connected complex gates. It realizes an

XY I

[

5

nyno onen n_mn

arithmetic equality: the weighted sum of the three inputs "x", "y" et "z" is always

equal to the weighted sum of the two outputs "c" et "s", in other words "x +y +z =

2«c + s ". This property can easily be checked thanks to the cell truth table.

Applet ofthe "FA" cell, click an input x, v or Z at left.

Wdd

Jaf i /Iaf [z Jz } o~ — )
b i
—t _
% %
7 ﬁ/
5
% %
O L
¥ N i N, X¥EZ | Ca
- oo | 11
—1 ool|1a0
YN x [y Nz [z 21| o
[ 1 j [ 10010
101 |01
110|001
' 11100

The P-channel transistor network is symmetrical to the N-channel network. A circuit
with this property is called "mirror". All the adders exhibit the property that derives
from an arithmetic link between the logic and arithmetic complements.
Finally the two circuit outputs are inverted. This follows from an electric property of
the CMOS technology, which allows easily non-increasing logical functions only.
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‘ Adders

"FA" cell In the "FA" cell, the weighted sum of the output bits equals the weighted sum of

"

the output bits, i.e. " x + y + z = 2x¢ + s ". The three input bits share the same

T1i weight. Let it be "1". The output bit "s" has also the same weight, while the output
bit "c" weight is double (2).
h The "FA" cell conserves the sum just like the node conserves the electric current in

the "Kirchoff's current law".
The "FA" cell is also called "3 [J2 compressor" since it reduces the bit number
from 3 to 2 while preserving the numerical value.

4 ™
Check vour understanding of the "FA" cell truth table.

Give the ouputs ¢ and s values
according to the mputs x, v and z.

X v Z
Values are modifier by clicking m m @
1 1 1

Looak at the tahle at left

| e e o e Y e B Y e =
| S e e Y ) i e Y ]
e o e B i e s ) 2
|l el B s Y o e Y e
OO ORFRFO|n

FA

’ l l Validate
- ‘e

o vy

Carry propagate The addition is by far the most common arithmetic operation in digital processors.

adder Addition is itself very frequent and is also the basis of most other arithmetic
operations like multiplication, division, square root extraction and elementary
functions.
All "consistent" "FA" cells assembling preserves the property: the weighed sum of the
output bits equals the weighted sum of the input bits.
To construct the adder S = A + B, the input bits come from the two numbers A and B
and the output bits form the number S.
The number of "FA" cells is the same as the number of bits of A and B.

Delay: 3, activity . &

W W b TT W TT TT T?

@—| |<—|FA5|<—|

FA, 2 [P FA
%Mécé HNE

ST 55 52 s s

1 1]
A (55 B[22 g |77 Mb. bits |2 % "v"HDLl @
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Signed adder The vertical arrow [T close to the push-down button displays a double interpretation of
the binary vectors A, B and S: unsigned integer (top) or signed integer in two's
complement notation. The same adder supports both interpretations except for a small

detail: the output-carry c,,. One faces the following dilemma:
* This bit is simply ignored. Then S has the same number of bits as the addends
A and B but an overflow is possible. A unique adder supports unsigned and
signed.
e This bit is part of the sum S. Then the adder is (slightly) different for unsigned
and signed S, and S has one more bit than A and B .
The second solution is usually preferred. The vertical arrow Tl that appears close to S
toggles between the two possible S : either n bits or n+1 bits.

Performance of Let us assume that all the possible values for A and B are equiprobable and
the carry ripple independent:

adder minimum | average | maximum ‘
de lay 0 lo o) (n) n ‘
activity 0 3n/4 n2/2 ‘

The maximum delay (worst case) is usually not acceptable. Let us examine the carry
propagation path that causes this delay.

Carry For each "FA" cell, one of the three following case occurs:
propagation « the carry cj4q is set to '0', noted 'K', if a; = 0 and b; = 0
Path . e carry ciy is set to '1', noted 'G', if aj = 1 and b; = 1

* the carry ci4+1 is propagated, noted 'P', if (a; = 0 and b; = 1) or (a; = 1 and b; = 0).

In this last case cj+] = ¢;. This is the unfavorable case, materialized by a horizontal
arrow in the next applet.
Delay : 3, activity . 7

=]

Cy
5

Ly
- =] [~ show
77 Mb.bits [ 2 e 3 bite

The three case 'K', 'G' and 'P' are encoded onto two 2 bits. Check the case above to
show the 2 bits. A "HA" cell selects the case according to a; and b;.
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Look at the table

ool
ISl =N =1 | -3
G -RE RN

"BK" cell The "BK" cell computes the carry for two binary positions ( two "FA" cells) or more
(Brent & Kung) generally two blocks of "FA" cells.

if{eg="P'ithens=edelses=¢eq; =18 ed

Look at the table @

BK

m

Cr ey v B~ B~ B R T
T

Do EOE RO YRR
Lep Ly B e B = R B R R L

Validate

5

Sklansky's adder To design fast adders, binary trees of "BK" cells will first generate simultaneously all

the carries c;. The "Sklanski's adder" builds recursively 2-bit adders, 4-bit adders,
8-bit adders, 16-bit adder and so on by abutting each time two smaller adders. The
architecture is simple and regular, but may suffer from fan-out problems. Besides in
most of the cases it is possible to use less "BK" cells for the same delay.

Dielay : 3, activity : 4

Ap Pip g by

CITRY 3 by 3, by & by a; by 8y, by Ay by & by a3 b o3 b
olpf [ofpl ool pPlje] Pl [Ep [l ol ol 1 ol
HA HA HA HA HA HA HA HA HA HA HA HA

i

1

Eﬁ E'f : : ‘-1- ' 2
o o b
I:"L_r' Ej( Ej( I:] L = Cq L Cs
Cyp i Ly o Gy Ly ?
g E E E ]
51 51 5y Sy 57 g g 4 gy & 5 &

‘ A |55 B IEE g ITT Mhb. bits (12 g
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Fast adders |n a fast adder, all the carries c; are computed simultaneously through a binary tree of
(Brent & Kung) "BK" cells. To save on complexity, sharable intermediate results are computed once.
There is only one rule to construct the trees: every output with position i must be
connected to all inputs of position less than or equal to 1 by a planar tree of "BK"

cells. The rule simplicity usually allows for many correct constructions.

K & K Bl Gl K [Pl Bl el EEEEE K E

215 214213 212 211210 29 23 2? 25 25 24 23 22 21 ED

ﬂ?ﬂﬂﬂjﬂ%r

Cig C15 0140130z Cyg Byp By By C7 Cg Cg Ty Oy Ty Oy
‘ Details | vHOL| Mb."BK" cells  [32 Nb.bits [16 5 Delay [+ 5

In the "BK" cell tree, one may trade cells for delay, usually for the same addition the
less the delay, the more the "BK" cells.
* change the number of bits and/or the delay
* check that the trees follow the construction rule by clicking on a signal (a
line), notice that each signal is named by a pair of integers.
* simulate the carries computation by clicking on the keys K.
» display the tree construction process by clicking the key "Details"
» display the adder VHDL description by clicking the key "VHDL". To save the
VHDL description, select it, then copy and paste it into a text editor.

Kogge & Stone The binary trees of "BK" cells in the Kogge et Stone adders are not sharing.
adders Consequently the signal fan out is reduced to the minimum at the expense of more
"BK" cells. Since the delay increases with the fan-out, it is here a bit shorter.

K P E K [P PP EEEEEERKE

215 214213 212 2112“] 29 23 2? 23 25 24 23 22 21 EIII
|

AT

.
f
Z
=

N
=
N\
=

WAL ZRAN R

éé
IIIII
£Z
Z=

Ci6 15 C1aC13 bz 51 S e B C7 Cg C5 Tq B3 Gz Oy

vHDL| [f] Nb."BK" cells [48  Nb. bits [16 E I ling
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Ling adder In the Ling's adder, the "BK" trees give a primitive called "pseudo carry". It avoids

the computation of p; and gj, but on the other hand the carry has to be deduced from
the "pseudo carry". The trick is that this late computation is overlapped by the "BK"
cells delays. Consequently this adder is faster (a little bit) than the corresponding
"BK" adder. The VHDL synthesis from the applet takes advantage of Ling's when the
box is checked.

"BK" cell trees Check your understanding of Brent-Kung adder by creating new ones. Click on a
editor position in the table to select it and then enter a number through the keyboard.
Inconsistent values are replaced by 0 (no cell). The arrow 1 displays either the trees

or the table.

211 21EI 29 28 2? 26 25 24 23 22 21 ED 211 21EI 29 23 2? 26 25 24 23 22 21 EEI

ofof1rf{of1r{of1r{oOof1r{Of1|0

of1({ofofz2f{ofofoOof2{1|0fD0

tlolojola|lolz{1]|oloflo]o CF

4f3fz2f(1({of1{ofofofofjOfaD0 ﬁ/ﬁ/ﬁ/| [;r/_‘

L1z Cq1 Cqp Cg Cg CF Cg Cg Lg L3 Gz 0 Cyz 11 Cip Ca Ly Cs Ly Cg Ly
Reset |  WHDL Nb.BK'cells [18 Mb.bits[13 S Delay[r

"CS" Cell In the "CS" cell, the weighted sum of the outputs equals the weighted sum of the
inputs. In other words "a+ b+ ¢+ d+e=2+h+ 2+xg+{f". The "CS" cell is not only a
"500 3 counter", but moreover the output "h" is never dependent on the input "e"

abhcde][ h g £ dé ~ . - [ ]
T0000 0 0 O Check vour understanding of the "CS" cell truth table.
gooool|o0 0 1

ooolo|lo0 0 1 Tive the values of

saaTile 9§ @ anri‘ac\aigcsqi outputs h,

ooloo0| 0 0 1 o and { by clicking on them a b c d e
oolol|o 1 @ ' LT =

DO0110 |0/ 1/0 O according to the inputs a, b, @ @
8 E é é é Dél lén i ¢, d and e and then vahidate.

olool|o 1 @

01010 |0/l 1/ 0

01011 |0/ 1/ 1 )

01100|o/l 1/ D

01101 0/ 1/0 1

0l1llad o1 1 1 1 1
01111|1 1 @

10000| 0 0 1 2 cs
loool|o 1 @ 1
10010 |0/ 10 0

10011 |0/l 10 1 2 1
10100 |0/l 1/0 D

10101 |0/ L0 1

lollo|l 0o 1

10ll11|1 1 o 2

11000 |0/l 1/0 0

110010/ 1/0 1 Validate
llo0lo0| 1l 0 1 1

11011|1 1 @

S M O N @
111101 1 0 h g f
11111]1 1 1

. vy

Carry The "CS" cell does not propagate the input carry "e" to the output "h". It makes "carry
propagation Propagation free" adders possible. The number of necessary "CS" cells is precisely
free adder 8iven by the number of digits to be added.
On the other hand each digit is coded onto 2 bits and the digit value is the sum of those
2 bits. Therefore the possible digit values are '0', '1' and '2'.
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Delay 1, activity 8

‘ A [55 B [z 5 [r7 MNb. bits |a_% VHOL] @

This notation system for integer numbers allows addition with a delay both short and
independent of the digits number. Yet this system demands about twice as many bits as
the standard binary notation for a comparable range. Consequently the same value may
have several representations. The vertical arrow [f| next to the numbers decimal value

changes the representation without changing the value. Among the representations, the
one with only '0' or '1" is always unique.

Hybrid adder We call "hybrid" the operators supporting different notations. The adder below, in some
respects very simple, A is in binary, while B and S are both in "CS" notation.
Delay 1, activity 4

A b? A, bﬁ ag b5 A, b4 a, b3 a, tJ2 a tl1 N bn
ol [0 o] o] 1] o] 1 ol [0 1 [il

Ay FA, FAn

a I:E & C1 a I:I:I
o

52 5 Sl:l

| | | |
FA- FA, FA, FA, FA, F
-
EE & C? & I:E & C5 & C4 & I:3
o o 2 0
Sz %5 g 54 5y 1

‘ A [55 B[22 5 [77 Mb. bits |S_E M @

Special purpose Some arithmetic algorithms can be realized with only one modified adder. For
adders example :

« ifa/sthen S=A —Belse S= A + B ; // adder/subtractor/comparator

« if A>B then S = A else S =B ; // maximum value

« S=A+B;S'=A+B+1;// two-output adder

« S=A+B;S'=A+B+1;S8"=A+B+2;//three-output adder

e« S=A+B-1;S"=A+B+1;// frame adder

« ifA-B=0thenS=A—-BelseS=B— A ;//absolute value of the difference
« ifA+B<2"thenS=A+BelseS=A+B-2";// modulo 2" sum

« ifA+B<2"-1thenS=A+BelseS=A+B-2"+1;// modulo?2"-1

« ifA+B<2"+1thenS=A+BelseS=A+B-2"-1;//modulo2"+1

The cost and the delay are similar to a fast adder's ones.

Adder/ Spontaneously adders make additions modulo 2" The bizarre fact that the sum of two
subtractor non zero numbers can indeed be zero is used to define a number's opposite. Let B be a
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number, the opposite of B, written -B, is a number such that B + (-B) = 0 (in fact 2n). -
B is obtained from the bits of B by complementing them all and then adding 1. The

addition of 1 is made thanks to the input carry ¢ .
Delay : 3, activity : 10

A by APy F By A by oA by g By oA, by oA by oAy by oA by oA by ARy

ais DA [0 [ @ D D D 1 [l 1@ D 1@ 1 1@
TR EEEE R
rHA g 1;—|A| I Ha | 1;—|A| 1;—|A| r;m Ha | 1;—|A| 1;—|A| 1;—|A| [5

v

el T

— L
e
LT
e
1
|

-El,t
-I:‘;\
0
1
(=
m&-
(e

«

grﬁv
o

'312%: Ly : Ein : Ly g
il
514 51 Sg S; Sy Sy 5y Sy 5y 5 5n

A . =
A |-55 B |22 5 |33 MNh. "B cens]? M. bits [12 2 @

Overflow Just like the adder, the adder/subtractor may overflow, but it may as well underflow.
If the two last carries differ, then the result S is incorrect :

« 01:2" should be added to S to get the correct result (overflow)
« 10:2" should be subtracted to S to get the correct result (underflow)

The larger from In order to compare A and B, it not necessary to compute the difference A — B. Only
A and B the sign of A — B is needed, that is the carry out. This comparator is simpler (less
"BK") therefore faster (less fan-out) than a complete subtractor. A multiplexors row
selects the max.
Delay : 3, activity . 7

APy A 3 By
Of M0 N0 U0 0 MO 0O H6 OO0 B0 OO 0
b B el

AR RERERRREN

A |znn1 B |znnz Frax |znn1 b, "BK" cells |11 Mh. hits |12 % @ ‘
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Carry-late adder In the carry in ¢ is ready later than the inputs A and B, a carry-late adder is suitable.
The delay between input ¢( and outputs S is small and 1ndependent from the number
of bits. On the contrary, if the carry in c( is ready as soon as the inputs A and B, then
the approach used in the above described subtractor would be more efficient

Delay : 4, activity - 12

B By Aghyy 8 by 3 by A b 8y By oAy by oA, b, oA byoa by, oA by g by
[Ha|  [Ha]  [Ha|  [Ha|  [Ha|  [Ha]  [Ha]  [Ha|  [Ha]  [Ha]  [Ha]  [Ha]

CHO

IJ@ Ciz Ly i Ly Ly Lz El' Ly Cg ;g Ly E’ be E’ Ey E’ 31[;[{‘]%
£ 5o Sy Sg Sz S 5 4 3 2

2000 B [19499 S (4000 MNhb. "BE" cells If Mb. hits |12 g @

Two-output To design this adder S = A + B + ¢ first the output are duplicated. Then for the
adder Output S the value 0 is substituted to co and the value 1 is substituted to cq for the
output S'. The obtained adder calculate simultaneously S=A+BandS'=A+B+1.

Delay : 3, activity . 22

B

o Py B by 3 by oA b A by 8 b oA, b, oA by oA by, oA b g b
[Ha | Ha|  [Ha|  [Ha]  [Ha]  [Ha|  [Ha|  [Ha|  [Ha]  [Ha]  [ba

ch_E,ij—‘Ej_l
gyl
@

Amilge

EE EE i
i 1 @ o Db
S2%2 1% S % S 5 5 %3 58 H
A |z000 B [3000 5 5000 S [5001 Nb. bits [12 =

The output of the "BK" is either 'P', 'G' or 'K', and the carry c; is '0' or 'I".

e To calculate S = A + B, 'K'or 'P' give '0', 'G' gives'l".

e Tocalculate S'=A+B+1, 'K'gives'0', 'P'or 'G' give 'l'.
Three-output We want to calculate S=A+B,S'=A+B+1andS"=A+B+2.TogetS and S"

adder beforehand we calculate Wlthout carry propagation two numbers X and Y such that
X +Y = A + B. In that way we get sg and s"(. Then the n-1 most significant bits of X
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and Y are added with the preceding two-input adder .
Delay 3, activity - 14

Ay b IR

@! i1 H H H !@ @! H @! @@ @@ W

[Ha|  [Ha|  [Ha] [Ha|  [Ha]  [Ha]

i e i |

[Ha|  [Ha]  [Ha]  [Ha] [Ha|  [Ha|  [Ha]  [Ha]

:

5

C:

:

n
: VIVE
el G

Eﬂcg WiVASRVIV °
' ' 1z 0
EE EE ool PIAl Op
81292 S S S % 55 S % % S5 %5 % S48 %8 5 % 8 8§ §
[ A [2000 B [a000 g [soo0 & [s002 Nb.bits [12 = @ ]

Where is the third output S'= A + B + 1 ? The calculation of S' from S and S", either S' =
S+1orS'=S"-1,1is quite easy

The least significant bit s is the complement of s,.

For the other bits : if sy = 0 then s'; = s; else s'; =s"; .

Absolute value With four slight modifications, Sklanski's adder with a late carry-in returns S= 0A — B 0L
of the difference insert a row of inverters to complement B (or A)
modify the "BK" cell giving c, to change the value '
back" ('K' gives '0', 'P' or 'G' give '1")
insert a row of "BK" cells connected to "feed-back"
modify the later cells to either complement the result S or increment it .

Delay : 5, activity ; 22

P"into 'G' for the signal "feed-

Ay by A by 3 by 3 by oA by o by oA by A by oA, by oA, by o3 b % Py
ol [1f[o 1o [of {1 ol [oo pPljo] [of o
AR v v A I v v A v v v A B v v A v v,
HA HA HA HA HA HA HA HA HA HA
feed-back = s = =
Pebeck | E,'J“J E'f Iff ETJ E.'J“J E'J“J E,'J“J ETJ Iffi ETJ )
i Cyy Cy C C C, C, C, C, C,
N N N
514 510 7 Sg 54 5y 5y 5y gy
IEDDD B |3|:||:||:| S |1 non b "BE" cells |31 Mb. bits |12 @ ‘
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Multipliers

Multiplier The multiplication comes second for frequency of use.

AND gate Ap "AND" gate multiplies two bits. To multiply two n-bit numbers A and X, n2

. . 2 .
"AND" gates are required. The weighted sum of the n~ gate outputs has indeed the
- Axi same value as P = A * X. However this set of bit is not a number, although its value

L R is computed as if it was a number.
. 2 . . . .
Since A <2" et X < 2n, the product P <2 " and therefore P is written with 2 n bits.

Unsigned A regular structure of "AND" gates and "FA" cells with a "consistent" assembling
Multiplication first produces the partial products and then reduces them to a number P. Since each
"FA" cell reduces the number of bits by exactly one (while preserving the sum), the

necessary number of "FA" cells is n~ — 2n (number of input bits — number of output
bits). Yet in the following applet there are more "FA" than necessary since some '0'
must also be reduced, to be precise just as many '0' as bits of X.

.. %o 8- g e g a5 B a4 g

Delay: 10 tivity : 16 1

Bleys i, Eeily ] @ 0 @ AzKy @ Aty [ 351, [ 84K, @ Ag¥y [ Ay [ 2%, [ gk,
a.%, BsXy | Bgry | Ay | A%, ag¥y

Rig Fiz Rz F1q Fin Ra Pg Rz P R

‘ A |55 ¥ |2|:| P |11|:||j b, bits [z g @

Signed If the multiplicand A and the multiplier X are both in 2's complement, then the "and"

multiplication with the sign-bits a,_; and x,.; must be inverted and a constant 1 introduced to get
the opposed value of the products of X and A with those sign-bits. Besides the sign-
bit of P must also be inverted.
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o son Pla; Qe [las [@as Bla fe fla @a
@ @ 1 F%n  Agp  Agky  Agly Ay Ay Ay 3k
BoWy | AgMy | AgHy | Ba¥y | 8gdy | @gHy | Ay | AgHy

e e e e
T2 62

g x
'F%@@%%%W“
e 1 Fay b1

i@lﬂl@@ﬂ D
. @%@%%% D
. %%

Delay : 7, activity - 43

=y

m|

=]
\

"l

=
h

=

"l

”I

o< HFA
fsion 0 0 i o @ © 0o
Hi5 R4 ] Pz Ry o Pa Pa Pe Pg Ps p 4 Po

4 R3 Pz
A [55 % [0 P oo Mebitsls = oL @

Fast Multipliers Many approaches lead to a speed improvement:
* Divide the number of partial product bits using a higher radix.
* Use a tree structure for the "FA" cell reduction net.
* Use "CS" cell, with a reduction power two times the one of "FA" cell. Besides
this cell allow balanced binary trees (with some difficulties).

Booth recoding Using a larger radix automatically reduces the multiplier X digits number.
Let have a look on radix 4, using two times as less digit as radix 2 for the same range.
The "Booth Code" ( "BC" for short) is the minimally redundant symmetric radix-4 code.
Digits values [ {-2, -1, -0, 0, 1, 2}. The 3-bit code picked below, known as
"sign/absolute-value", has 2 notations for zero.

Multiplier |55 5|gn9'j_ Unsigned Mb. hits |2 =
SN, Wy Mg Wy My My Wy ¥

211 - -
1 -1 2 -1
However the partial products are computed by a cell more complex than a simple
"AND" gate.

Cell of the Check whether you are acquainted with the logic of the "B2BC" cell, which convert a

binary to "BC" "BC" digit into "sign/absolute-value" for the generation of partial products. The sum is
converter preserved,i.e.:-2*x3 +x2 +x1 = (- 1) * (2*¥M2+ M1 ) :
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Loak at the table

®3 0 x2 ¥l

xd ®xZd w1l 2 M2 M1 s
- +x2 4%l =(- +
o0 ol o0 o o 2ax3 + 22 +xl = -1 ( 2xh2 + W1 O
o o 1 o o 1
0 1 0| 0 0 1 1
o 1 1 o 1 0
1 0 0O 1 1 0 -2 1 1
1 0 1 1 0 1 B2EBC
1 1 0 1 0 1
1 1 1 1 0 0
D %I Iﬁ ﬁ
=T U VA

Vahdate
The conversion of X requires half as many "B2BC" as bits in X.

Multiplication of The multiplication by one "BC" digit U {-2, -1, -0, 0, 1, 2} adds 2 bits on top of the bits
A bits by one of A: one at left to get either A or 2A, another for the input carry in case of subtraction.
"BC" digit Since A is signed, its sign may have to be extended to the bit added at the left.

o 2® Muttiplicand &[22 @ Signed (" Unsigned . bits [8 =
sign

i 1] T A
Qgg % |D’_|?ZI-| %%l 1 % 1
3

The multiplication requires as many "CASS" cells as bits in A plus 1.

}{3}{2}{1 34 33 EI2 a

?? Slgn@ @ ! 44 ¢¢

+ v+ 4

a

o
o

= ':'_@Dm

3 2 1

[—]

—= "

'—H.:m
— =

BIBC | |CASS, | |CASSH| |CASS, | |CASSs| |CASS,| |CASS,| |CARS;| |CASS, cmsy

b b b bbb b

T I I R ) (R P |10 Mb.bits [ = VHDL |

Partial products The multiplication first step generates from A and X a set of bits whose weighted sum is
generation the product P. For unsigned multiplication, P most significant bit is positive, while in 2's
complement it is negative.
This applet compares 5 ways for the generation of partial products.
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% [z0 Mb.bits [8 5 VHDL |

" Baugh-¥wolley  © modified Boaoth Canonic

Partial products - Bp B A Ay 85 85 8y Ty
Mo coding for A or @@ll@lll
ki
o] o 00000 (0+55+207
y 1
goooaonoooaQ (0+55+21)
®
2mnn11n111 (1=85=22)
Ha@ 5
goo0o0ooaQao (0+55+2%)
H
H4nn11n111 (1=85=2%
5|§|nnnnnnnn [0=55=25)
X
B@unnnnnnn (0=55=2%
L
?@nnnnnnnn (0+5H=27)
ooo0oo0041112121100  Product=1100.

'21421321221121029 23 2?‘ 26 25 24 23 22 21 EIZI
(1l2]3{4[a[a|7|a]|7]a{a[a[3]2]1]

Partial products The multiplication second step reduces the partial products from the preceding step
reduction 1nto two numbers while preserving the weighted sum. The sough after product is the

sum of those two numbers. The two numbers will be added during the third step.

The reduction trees synthesis follows the Dadda's algorithm, which assures the

minimum counter number. If on top of that we impose to reduce as late as (or as soon

as) possible then the solution is unique. The two binary number that have to be added

during the third step may also be seen a one number in "CS" notation (2 bits per

digit).
21305 o ﬁ

Reset | [ Early | | L

[T Use CScell [ Propao. locally sheet:1

21421321221121029 23 2? 25 25 24 23 22 21 2”
112348678 |75 14]3]2]1
FAFAFAHA
HAHA
112|3[4|6|6|(B|B|B|R|S5|4]3]2]1
FAFAFAFAIFAFAFAHA
FAFA[FAFAFA[HA
1121 4(4 1444144441 4]3]2]1
FAIFAFAFAFAFAFAFAFAHA
113333 |3[F |3 |3[3|3|3[3 21
FAIFAFAFAFAFAFAFAFAFAFAHA
222222222122 02]2 1

Example of The following trees reduce 8> partial products (for example the product of two 8-bit
Wallace tree unsigned integers). The "Wallace trees" reduce "as late as possible" (key "late" on the
preceding applet). The weighted sum of the 16 output bits equals the weighted sum of

the 64 input bits.
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OREP 214 213 212 211 210 29 28 2? 26 25 21421321221121029 28 2? 2& 25 24 23 22 21 20
O o a ] 0 0 0 0 0 0 0 1[2]s]4[s[6]7]a[r[6]5]4][3]2]1
I3 5] i iz I3 iqg [ I35 iz7 iz 14 FA[FAFAHA]
o] [og] poo [pooo] [poooo] [00DDDO| DODOODO| [0ODD0000 [D0000D0] 000000 [00 HAHA
1(2(3]4(6(66(6[6(6[5[4[3[2]1
FalFalFalFaFalFalFaHa
FAEA A FAFA A
12(alalafalalaaalala[3]2]1
FalFAFa FAFAFAlFaFa A HA
113]s]3(a[3]s]3]3[3[3]3]3]z]1
FA Fal|Fa| |Fa|{Fa| [Fal|Fa| |Fa||Fa| |[Fal||Fal| [Fa||Ha|| [He_[FAFAFAFAFAFAFAFAFAFAFAHA
A II/II/II/I I/ [[a ]| [n_FAFAFATAFATAFAFATAFATAHA
2 2
r /@

14-bit adder

FF R EF R R R EFFF P

The top check box allows the use of "CS" cell in the reduction. The bottom vertical
arrow [f] hides/shows the final 14-bit adder. The result is in binary with the adder and

in carry-save notation "CS" without it. The final adder delay is usually comparable to
the reduction trees' one

Partial product Multiplier X and multiplicand A are now both in "CS" notation, i.e. with digits values
of "CS" U {0,1,2}. We want to generate a set of bits whose weighted sum equals A « X. To

operands make sure that we get bits (easy to add), it is necessary that either in A or in X every
digit '2' is preceded by a '0' at its left.

4; ag A5 A4 A3 Az Ay A

M |§|=D= ZDZ é;é/ ZD/Z Z /

@=D=DZEZE///1///
o I

13 1 4 2 2 1 10
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Reset || Early|| Late | 2] 2] 4] VHDL|
-

[T Use CScell [™ Propag. locally sheet: 1

21521521421321221121029 23 2? 25 25 24 23 22 21 zl:l
lolzlal4(slalrfalalalr]lalalala]z]1]

Click to add a "HA" cell.
Shift key down to add 3 "FA" cell.
CTRL key down to suppress a cell.

Partial products The partial product of two "CS" is a simple bit, reduced in the very same way as for
reduction conventional fast multiplication.

"xCS" cell The "xCS" cell computes the product of two digits a and x in "CS" notation.
Its arithmetic equationis "2 x b+ 2 x y +1i=a x x + z + ¢". Furthermore the outputs

n.n n H

"b" and "y" does not depend on "c" or "z" (no propagation).

Look at the table

Fh+Py+izatw+z+c ['] m

MMMNREMNMMNNEFERFERFRRFRODOOO|®
[ S L R S S Y e Y S Y S S o Y S S S )
FHOOoOOODoDOROO0OROOO|0
(= I e T e RS e e e e e e e e e [
I e e = R = I = T e e T e T e B e e W e B [
FRROOODORFRFROOOOOO|F
[ S e T S e N Y e T S e Y S e B P e e )

overflow

Walidate

Coding circuit The transcoder "CS2CS" passes from "CS" to "CS" while making sure that in the
"CS2CS" outputa '2'is always preceded by a '0".

Multiplier ¥ |55 Mb. hits |2 %

This permits to generate the partial product of a multiplicand A by a multiplier X
both in "CS", with no overflow.
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Coding circuit The transcoder "CS2BC" passes from "CS" to "BC" , that is from the "carry-save"
"CS2BC" code to the "Booth Code" ( symmetric minimally redundant radix-4 code ).

Multiplierx  [55 Nb.bits B o

Mo Mg Mg My M, My, ¥, Xy
1] Het Lot 11
FA FA FA FA

IR Tl Pl i

[PPm| [ [PPM| | [PPM| | [PPM|

[ |_| [ |_| [ |_| [
I | I |
11 211 211 211 21

0 1 -1 2 -1

Integer constants multiplications

Multiplication of The discrete Fourier transform, the discrete cosine transform or inverse, digital
a variable by filters, and so on, all contain the multiplication of a variable X by several constants

Cl1, C2, .. Cn. The factorization of those constants permits a dramatic reduction of

the number of additions/subtractions demanded by those multiplications. The

following applet computes

Y1=Xx*Cl, Y2 =X*C2,.. Yn=X*Cn.

integer constants
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Mb.const (3 o [2717 2726 2723 YHDL
V=¥l = Ha2P17 = ¥e2 1+ 329 4327 +32% + 30627 #3027 4320
Y2=HeC2= We2F26 = We2 1 4 2% a2 T #2042 ? 4 ued ]
Y3=He 03z Me272F = We2 1 4329 42T 4328 4l 4l

|

Step 0: cost= 16 additions
Y1=K+Cl= Ke2P17 = H+21 323" #3227 + 30225 -3+ 37 + 320
Y2=HxCl= He2726 = Hx2" + W29 + W27 + 8228 432723 9=7!
YI= W+ 3= Ke2F23 = M2 + 029 w127 4028 428 20

Step 1 :cost=12 additions and 3 subtractions
V1= KeCl= K277 = - ¥+ 20 41«20 +yg 425

Y2=HxCl= He2726 = Hx2" + W29 + W27 + 8228 432723 9=7!
VA= W03z Ke2F23 = H+2% - o+20 4y 28

A=W+ Cd= K85 = ¥=2% +¥a2% 2022 4320

Step 2 : cost= 9 additions and 3 subtractions
Y1=HxCl= He2717 = -H=27 +Hx20 +74 25
Y2=H+02= Ke2F26 = ¥4+2% +y5+2]
VA= W+ 03= K+2F23 = H+2% - ¥+20 +yg.29
VA= KeCd= K85 = ¥e2% +8x2% 4022 + 3220
YAE=H+CA= K+1023 = ¥+210 -3+ 20

Step 3: cost= 6 additions and 3 subtractions
Y1=HxCl= He2717 = -H=27 +Hx20 +74 25
Y2=H+02= K2F26 = ¥4+2% +v5+2]
VA= W+ 03= K+2F23 = H+2% - ¥+20 +yg.29
VA=W Cd= K85 = VB2 + =20
YE=H+CA= H=1023 = H=210 -3+ 30
YE= ¥+ Ch= K17 = ¥=2% +1+20

Step 4 : cost= 5 additions and 3 subtractions
Y1=K+Cl= He2717 = ¥4=25 -y7 =30
Y2=H+02= K2F26 = ¥4+2% +v5+2]
VA= W+ 3= K+2F23 = ¥4 +2% 44720
VA=W Cd= K«85 = YB=22 + G20
YE=H+CA= H=1023 = H=210 -3+ 30
YE= ¥+ Ch= K17 = ¥=2% +1+20
YT=W+0T= K*3 = ¥=2% - 9«20

Step 5:cost=4 additions and 3 subtractions
Y1=H+Cl= He2717 = ¥4=25 -7 =30
Y2=H+02= K2F26 = ¥4+2% +v5+2]
VA= W+ C3= K+2F23 = ¥4+2% +y7+20
VA= W+ 4= K85 = YE=2% + 520
YAE=H+CA= K+1023 = ¥+210 -3+ 20
YE= ¥+ Ch= K17 = ¥=2% +1+20
YI=W+CT= H+F = ¥+21 +x«20

Step 6 : cost= 5 additions and 2 subtractions
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Dividers

Weighting a We want to computer Q = A + D. By a stroke of luck, we have available a scale, a
bread loaf with White bread whose weight is actually just A and a set of weights with values D, 2D,

restoration and 4D, 8D, .... 24D respectively marked with 1,2, 4, 8, ... 2!,

without [n fact D is a binary number, and 24D is simply obtained by shifting D. The scale
restoration compares the sum of the weights on each of the two plates ( < or >).

;  ONEBEEEEEET o s E'#bnn =

Digit recurrence Division is not frequent. Nevertheless since its execution delay is far larger than the
division addition or multiplication's one, its contribution to the total execution time is

Conditional
subtractor

substantial, thus it is advisable to design dividers carefully.
Let say that we want Q = A + D. This is equivalent to Q * D = A. Therefore if Q and
D are both written onto n bits, A is written onto 2n bits.

Let us build a series Qp, Qp-1, -.- Q2, Q1, Qp and a series Ry, Ry_1, ... R, Ry, R such
that the invariant A = Q; * D + R; holds for all j.
The recurrence is :
j-1

* Qu=Qitga*2 |

* Ry 1=Rj—qj*D=x 2
with initial conditions:

* Qn=0

L4 Rn = A-
When the recurrence stops, we have Q = Qg = Ziio qj * 2R = Ry is the division
remainder.

A "conditional subtractor" gives the following result S:

ifR<DthenS=Relse S=R-D;

Each "SC" cell computes both the result and the carry (borrow) of the subtraction R —
D. If the output carry value (leftmost) is 'l' then S is assigned the result of the
subtraction else S is assigned the value of R. This last case, that seems to "restore" R
to its previous value before the subtraction is sometimes called "restoration", from
which the divider's name derives,
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4 [poooooi1ooolooliol =sso

D«2% [00010110] =22-2% = 5632 = 550 ( no overflow )

R,=A 0000001000100110 =550

R =D+27 00010110 q,=0,Q,= 0

R,=R, 0000001000100110 =550 —
R,=D+2" 00010110 g,=0,G,= 00

R,=R, 0000001000100110 =550 —
R =D+2° 00010110 4;=0,Q,= 000

Rs=R, 0000001000100110 =550 —
RezD=2* 00010110 g,=1,0,= 0001
R,=R,-D+2% 0000000011000110 =550-352=198 '
R,zD=2° 00010110 4,=1,0,= 00011
R,=R,-D=2% 0000000000010110  =198-176=22 '
R,=D+2? 00010110 q,=0,@,= 000110

R,=R, 0000000000010110 =22 —
R,xD+2' 00010110  g,=0,@,= 0001100
R,=R, 0000000000010110 =22 —
R,zD=2° 00010110 g =1,@,= 00011001
R,=R,-D+2° 0000000000000000 =22-22=0

RemainderR,= 0000000000000000 =0

Quotient@,= 00011001 =25

QD+ R, =26+=22+0=550+0=2550

&+ \With restoration : =
A |55|:| D |22 Mo bits [ 2

" \Without restoration

Delay 1, activity : 2

f; di fy dg fy dg fy dy fy dy fy dy ry g, fp gy
Ly Lo GH B 1’ Gl GH T By 1’ £, £y
T 5C [ SCq[* SCs[* Sl SC, [ SC, [* SC, [ SCo[Y
o

A T T R T T

B S5

D<5
R [s5 D [22 g [a3 Nb.bits [ S vHOL| @

The "conditional subtractor" function: if R < D then S = R else S =R - D, is
abstracted by its transfer function called "Robertson's diagram". To converge the
division imposes moreover that 0 < R < 2*D.
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A
D
4]
3
3
E ;}* Q;fQ
g p, o
E
&
0 old rem[ajinder R 3B
"SC" cell of the Check whether you are acquainted with the logic of the "SC" cell :
conditional ¢ — ¢ then { co = majority (1, d,ci);s=r;} //identity
subtractor o . - .
else { co =majority (r,d,ci);s=r0dOci; } // subtraction
Look at the table
g r d ei| cos r a
O 0 0 00 D0
000 1|00
00 10|00 @
00 11|10 3 .
010 0|0 1 o Cl
0010 111
01 1 0|1 1 + 4—.
0o 1 1 1 [1 1 @ o
100 0|00 0 >
100 1 (0 1
101 001 q Iﬁ
101 1(1 0
110 00 1
110 1(10
111 0|10 . @
1 11 1]1 1 Validate

Restoring A "restoring" divider consists in a series of shifts and attempted subtraction. It is
divider made of a regular net of conditional subtraction cell "SC" (subtraction or nothing
according to a carry out bit).

Inverse of the If the restoring divider is turned upside-down and the conditional subtractors "SC" are

division substituted by conditional adders "AC" ( identity or addition according to qj) the

operators delivers the inverse of the division i.e. the multiplication with "remainder" :
A=D=*Q+R.
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a3ds 39dg apdsy agd; a8 dy
T
E ;e sC [SCo = [sC [SCo |SCT [sCr

A3

T El]q_d?

CF;
Qi

bad bbb

]
K
S|

s

Ug
o]

dq
@

[5C

bab bbb

]
sCp

5

3

Bpphb b

]
)
SC|

L

a3
il

bbb

)
SC|

i

:

qz

Bl b b

]
)
SC|

4

8 8. B B9 B 0 B B

Delay : 36, activity | 63

R|5

Q 25

Nb. bits [g g VHDLl @1

5

25

[Px |555 D |22

dﬁ I'e d5 Fe d4 Fq dg I dg Fa d1 Iy dn I'o

dr g

=S8 =
=SB =
B e =
RS =
=B S =
B S S =
S O
S NN
g il B e Pl
B iR e E e B Fie
i I e B s Pl
i I I
I s
M = =] m.nu o=
m s <

M, = =]

CRE! CR: CRY: CRT S1n Ay Ay a7 A

15

Mhb. bits [g E VHDLl @ ‘

=] |5
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Non-restoring A "non- -restoring" divider is a sequence of shifts and additions or subtractions. Is
divider made of a regular structure of "AS" cells (addition or subtraction according to q), q is
given by the signs of R and D.
* ifR<0etD<Othen {S=R-Dj;q
« ifR<0etD=0then {S=R+D;q
q=
9=

« ifR=20etD<Othen {S=R+D;

'}
i
1}
« ifR=20etD=0then {S=R-D; "'}

aygdy  agdg agpds apdy agpdy; agd; &g dy a8y dy

Al Jasl e JaslJas i Jasl o Jas

. xxxxxxi

sslJaslJaslJasl s Jasl o Jas = Jas]e

J}i

=
5]
I= |
5]

[a5

asla . IASI [aslJdaslaJasJasl]as

15%%&&%%&%

Y PR Y=] PN = R Y] PR = P Y] P Y= P Y ol

mus

gl b b bbb L

25 l—Jas i Jasliadas o as ] as]

= |
i

mux
m 25 l—laslelaslJasl—{asl—|aslc|asl—las

o B §v B4 B . 8o i
{A 555 D[22 Q 25 R [ Nb.bits [3 = wHDL @
25 5

Advantage and The main advantage is the compatibility with 2's complement notation for dividend

Delay 32, activity 1 129

| —

drawback of the A and divisor D. Nevertheless the quotient Q is noted with digits '1' and '1', it must be
non-restoring converted to 2's complement, which is very simple.

divider :
Cluotient Q I_—EE Mb. bits |8 =
0; Oy O
sign E

For the division, it has been agreed that if the final remainder R is not null, then it
must have the same sign as the dividend A. A final adjustment of the quotient Q by
+1 or -1 may be needed to abide by this convention.

e ifA20andR<0andD=0then {Q=Q-1;R=R+D}
e ifA20andR<0andD<0Othen {Q=Q+1;R=R-D}
e ifA<OandR>0andD=0then {Q=Q+1;R=R-D}
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e ifA<OandR>0and D<Othen {Q=Q-1;R=R+D}
One pathologic case remains: R = - | D | to be detected and fixed to get R=0 .

Fast dividers Three approaches may be combined to realize fast dividers:
e Utilization of carry-propagation-free addition/subtraction.
* Preconditioning of the dividend and the divisor in order to simplify the
division.
* Use of higher radixes to reduce the number of steps.

Robertson's To obtain a square Robertson's diagram, the successive partial remainders are
Diagram normalized: ( R; * b? ) where b is the numeration radix.

The black slopes represent the transfer function Rj I Rj., the red line is the identity

function, that passes to the following step. Pulling the mouse out of the pictures

suspends the animation. Clicking ends or restarts the animation. Clicking inside the
square sets another starting point.

A IQDD
D |3
b.steplg_g

&+ Radix 2
" Radixd

1

" Radix 8
" Radix10

™ nonresto.

" RAET

T 1 z 4 ] o 3 4

SD:1 51:0 SEZD 53:1 54:0 55:1 56:1 s?:D

Radix 10 sounds familiar to us; it is given here just for illustration because it would not
be very efficient in binary.

"SRT" division To avoid the delay of the carry propagation, the following applet uses a stack of
or carry borrow-save "BS" adders/subtractors. The "tail" cell, variant of the "SC" cell, is

propagation free controlled by two bits and executes one of the three following operations:

.- -1
division * anaddition : Rj_. =Rj + 27 %D
. -1
* asubtraction: Rj.; = Rj— 77 %D
* anidentity: Rj.| = R;
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D is normalized - I — — — i

from 16 to 31 ] head | tail tail tail tail
Delay : B, activity: 15 Ef/
r5 r4 r3 rz r1 rn

A [sss D[22 Q [z5 R[5 Nb.bits [5 = vHDL|@

This operation is selected according to the sign of the partial remainders R;. To always
know precisely this sign would require the examination of all the remainder's digits. It
is sufficient to check only three. Moreover, the position of the three digits is known: the
rightmost one is aligned with the most significant non-zero bits of D. To nail down this
digit position, D is "normalized", that is the position of its first "1" bit is fixed. For an n-

bit divider, 2" -1 <D < 2™,

Conditional A "conditional adder/subtractor" yields one among the three following outputs:
carry- . jfq="1"then S=R+D;
propagation-free e ifq='0" thenS=R;
adder/subtractor  « jfq='1' thenS=R-D;

Each "tail" cell executes a one-bit addition/subtraction. The carry is not propagated to
the "tail" cell at left but fed directly to the "tail" cell below (next line).
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d? fy dﬁ e |:|5 fa d4 fy d3 Fy |:i2 fy
0 0 1 1 1 1
o
_1|
tail, | [taily| [taily| [taily| [taily[ [tail,
0 0 1 0 1 - 1
SB S? SE 55 54 53 52
R [55 D[22

5 [77 [ “head” Mo bits[s o UHDLI@

The "conditional adder/subtractor" function sis abstracted by its transfer function

called

"Robertson's diagram". To converge the division imposes moreover that

-2¥*D < R <2+D. If -D < R < 2 then S has two possible values.

A
D

S

new remainder S <

I
b

old mmgindar R

"tail" cell of the Check whether you are acquainted with the logic of the "tail" cell.
"SRT" divider

if ="1" then 2*s; —so = dy + 10 ; // addition
if q="'0"' then 2*s; — sy =1y ; // identity

if ="1' then 2*s; — sy = do + 1o ; // subtraction

g do o |S S0l | ook atthe table

1 0-1] 0 1

-1 1-1]| 0 0

1 00|00 do To
1 1 0| 1 1

1 0+1] 1 1

1 1+ ]| 1 0 0

O o-1| o0 1 g

0 1-1|0 1 o 11
O 0o ol o o @ > .
o1 0| 0 0 tail
0 0+1| 1 1 _
o 1+ 1 1

+1 0-1] 0 0 1

+1 1-1| 0 1

+1 0 0 1 1 @
+1 1 0| 0 o

VAN VAN
"head" cell of the LetR=r1r* 4+r;* 2+rpand S=s,* 4+ s;* 2+ 50 be the input and output values
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"SRT" divider of the "head" cell. Another output is one quotient digit q .

. ifﬁ>0 then{gzﬁ—2;q='l';} //subtraction
« ifR=0 then {S=R;q="0";} // identity
. ifR<0 then{§=ﬁ+l;q='?;} //addition

In an actual division (without overflow), output s, will always be 0. .

w2 el =i BE Sl B G

TR T Look at the table i

+1 +1 O +1 0 0+l R

+1 +1 -1| +1 0 -1 +1 : - ;

L @] 4L @ =0 i 2 1 i}

+1 0 0| 0O+l 0O+l

L @ =i| @l =i i

+1 -1 +1| 0O +1 -1 +1

Wl =il @) @ @ ©

+1 -1 -1| 0 0 -1 +1 Ll

D 4l L) @ 4l =1 4 q

O+l 0| 0 O 0+l 4 3 1

e o H
+ -1 + ¥

BTG 0 head

0 o-1| 0 o 0-1

@ =l ai] B @O @O -l 4 2 1

0-1 0| 0 o-1-1

@ =l =i @ =i @ =l 0

-1+l 41| 0 0O 0-1

L&l @ B @=L -l

-1 41 -1| 0-1 0-1

S Y S S

Sl @l =l m @ - Sz 59 S :

SHE IR R i Yalidate

=l =l @ =1 @=L =1 5

-1 -1-1|-1-1 0-1

Necessity of the If R > 0 an addition must not be performed and if R < 0 a subtraction must not be

. A
'0" in the performed, or else the division overflows. When R= 0, the sign of R is not known
quotient Q since to know it would potentially require the examination of all R's digits, so neither

AN
an addition nor a subtraction can be performed when R= 0 and q must be '0' .
Necessity of the For the "head" cell, a remainder R is small if IA{= 0, in other words if -1 <R < 1. In

normalization of (his case R keeps its value that may go outside the " Robertson's diagram" if 1 > D.
the divider D Consequently 1 <D. D's maximum value 2 is set only to simplify the head's

equations.
+0 Overflow
+0
-0
-0 -1 0 +1  +2*D
-0
-0 -1 0 +1 +2*0
D=
EID=1_999995 EID 0.88733926

"SRT" division The previous division is simple because the fist bit of the divider D is always 'l'. It
with divider may be even further simplified if the two first bits dp and d; of the divider D are
range reduction reduced to "1 0" thanks to the following operation:
ifd; then {D'=D#*3/4;A'=A*3/4;}.
This multiplication of A and D by the same constant does not alter the quotient Q, but
on the other hand the final remainder R is also multiplied.

For an n-bit divider, 2n-1 -1<D< 2n-1 + 2n_2.
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T
F

news valle 1

1,125

1,5
mild walne T
dg 843 dsaq dgagp dsag dyag dya; dpag

VLI

I T
1 1
tail

I T
1 1 1 1
tail tail

D is normalized
from 64 to 895

Delay: 7, activity: 12

A [rrr7 D70 afrir RJ7 Nb.pits [7 = VHDLl@

Head cell of the "SRT" | .,
divider with range
reduction

= r1 * 2 + 1o be the ”head” cell input value.
1fR>1 then{so—R 3;q="13}
1fR—1 then {so=0;q="0";}
. 1fR—0 then {so=0;q9="0";}or {so=-1;q="0";}
. 1fR—-1 then{so—-l q="'0";}
. 1fR< 1 then{sO—R+2 q="1";}

Here the difference between the two 0 representations for q : '0' and '0'
matters.
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-1
-1

-1

-1

1 rp =1} =}
ha i o +1
+1 ] -1 +1
bl B o -0
[Fib: o -0
] ] o +0
o -1 b i A
b g i b i A

-1
-1

Look at the table

I

Sl

2
_.—I'
L 1

Eubs

head

Iy
?IJ q
1

10

A

f

Yalidate

Quotient The quotient Q is in redundant notation. The conversion into a conventional binary
converter representation is obtained thank to an adder (in fact a subtractor). Since the digits q are
obtained sequentially, most significant digit first, the conversion can be carried out in
parallel with the quotient digits obtaining. Let "ratio" be the "head" cell and "BK" cell

delays ratio. The higher the ratio, the simpler the converter.

222 221 EEI:I 219 218 21? 215 215 214213 212 21121[' 29 23 2? 25 25 24 23 22 21 ED

ér

1

ﬁﬁﬂﬁﬁﬂﬁﬂﬁﬂﬂﬁﬂ
o i

ﬂﬁﬁﬁﬂﬁﬁﬁﬁﬁﬂﬁﬁﬁﬁﬁﬁﬁﬂﬁﬁ

YHOL

Mb.'BK'cells [76  Nb.bits [23 = Ratio [20 2 ]

Divider design The quotient Q digits are redundant and symmetrical. Therefore they are completely

defined by the radix and the maximum digit value. This applet let you choose the
quotient digit values and then the necessary number of bits from divider D and digit
from partial remainder R that must be taken into account for the selection of the quotient

digit value.
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I

516

A6

16

1G]

-216

-4/6
Rl

-8/

old

0r3

N
“I

il

=[5

=[5

-4

-Ai

-BI

divisor O 1

o
“I8

&
“I

P
“I8

w|o

o=

[ R e e T O ™ T S T N T O T O S T A O O 0 B Ry '

2103
20/
143
188
1703
163
16/
148
1308
1208
1108
1038
ara
arns
71
(<1
a8
413
3
218

L R e T o o o N N o L o o o L o R R S v
[ R e R T N N T N O N e N T N e o S I S S s
I R e R T - N T N O N o N L T T o R o R I S v
[ R e R T T N T N O o o O o o N o I S B S v
[ R e R T N T N O o o o e o N o I S S v
L R e R T - T N T o T O o o T o R S B I v
[ R e R R T T O o T N L o T o R o R S I S v

118
ora

o

m

2
6

(=1

o™

11

k2

=2

[}

m

=

=2

-
wm
=7}

-
=2
=7}

[

[

a/3

a3

403

213

03

=

= ; [ i I = I - |
|; 3 radixt |4 = digitc 2 1:201 = Mh. bits D |3 E

The leftmost button E moves to the next or to the previous step.

Mb. digit P |5 =

« 1- Robertson's diagram, plotting the next partial remainder according to the current partial remainder. The
boundaries take divisor D into account.

« 2- Symmetrical PD-plot for D in the range [ 1/2, 1 [

« 3- Half PD-plot, upper part of the preceding one. The lower part is obtained by changing the sign.

« 4- Discretised half PD-plot. The number of D bits taken into account gives the abscissa discretisation, while
the number of P digits gives the ordinate discretisation. Fixing this number of bits/digits will determine
whether a continuous frontier can separate the different values of q.

« 5- Half truth table for the half PD-plot.
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Square root extractor

Square root The square-root extraction is relatively rare. Nevertheless, it is used among other
extraction things for Euclidean distance and least square and is included in the floating-point
standard. The square-root operator is similar to the one for division, therefore most of
what we already know about division may apply as well to square root. Often the
same operator is used either for division or for extraction, collision of the two

operations being too rare to justify two operators, moreover each very costly.

Square root In the drawing below, the area of each red rectangle represents one bit weight. Only
extraction the 'l are drawn. Therefore the total area is the weighted sum of all the bits.

The goal of the game is to find a square with an area equal to a given argument,

represented by the area of a blue circle, just by observing one test bit ( < or > ) and by

clicking the square side bits. After convergence the sough after number is the side of

algorithm

the square.
the red squares surface is smaller than or equal to the blue circle surface
fd <
the blue circle surface is 2025
the red squares surface is 1600

4l

-|:|| 1L 140 K4

click on the bits (rectangles) below to change the root value Yalidate Showe

' = ! T LE":":":' [lo1o00| @ @

Square root We want to get Q = \/K . This is equivalent to Q = A + Q. Therefore if Q is written on
extractor n bits, A is written on 2n bits.
Let us build a series Qp, Qp-1, --- Q2, Q1, Qg and a series Ryp, Rapy2, ... Ra, Ra, Ry such
that the invariant A = Q; * Q;j + Rp; holds for all j.
The recurrence is:
* Q_] Q_]+q_]1*2J i1 -
* Rpj2=Ryj—qji # 2! *(2*Qj+2J )
with the initial conditions:
* Qp=0
* Ro,=A. .
When the recurrence ends, we have Q = Qo = Ziio qj * 2"
R =Ry is the final remainder of the square root extraction.
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Q= Vg:lnnom 00111000100]

=A

Subt—conhditian.

Fia=R

Subte—tohdition.

Riz=Fy

Subtr. condition.

oooot100111000100

of

oooot1a00t11000100

oo

oooo100111000100
aoaad

= 2500
4.=0,0,= 0
= 2500
4,=0,Q,= 00
= 2500

4g=1,0,= 001

Rp=R-9; poooo10111000100 = 2500 - 1024 = 1476
Subtr. condition. aoo1of q4=1,Q4= o011
RS:R1D-Q4 goooooQoot1o0o00100 = 1476 - 1280 = 196 l
Subt—cohdition. aoo11af q3=D,Q3= oo110
Rs=R, poooooootioo0100 =196 —-
Subte—cunhdition. aoo1100f qzzﬂ,sz ao1100
H4:HEi goooooQoot1o0o00100 =196 —-
Subtr. condition. anoo11o0a8y q1=1,Q1= oo11001
R,=R,-a, poooooooooooo000 =196-196=0 1‘
Subte—cunhdition. gootrt1oo10d qnzlj,@nz got110010
HD:H2 gooooooooQoooono =0 —-
Root @, = oo110010 =50
RemainderRD= poooooooo =0
Q2+ R, =50+50 +0=2500 + 0 = 2500

A 2500 " With restoration " Without restoration  Mb. bits |2 E

Realization The restoring square-root extractor utilizes the same conditional subtractor "SC"

cells as the non-restoring divider.

A4

Srle—1 78 dg
1
0 1
scl*—{scl—[scl—sc 15;?
0 0 1
rA JA
scl—[scP—[scP~{scp—[sc]—1 22 34
iz : r J# JA i 1
BlrEol—[sc<—T[ack~fscR—T{sck—[acl—1 &
di i i i J J% J% i 1
[+ fsc]~—T]scl<Tscl~fscl~|scl~T{scl—sc}—1 LU 30
e |9 | | | | | 0 1
SCl—[sCR—[scR—[5C P[5 —[scl—{5Ck—[ac}

Delay : &, activity : 9 I

A [2500 Q [s0 R [0 b bits 5 2 @
50 i
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Fast square-root We want to get rid of the carry propagation by the use of the "BS" notation, the same
extractor 'head"and "tail" cell and architecture similar to the fast division. We bump into three
difficulties when trying to use the fast divider for extraction of square roots.

Square root

Mhb. bits |8 & WHOL
converter

Roaot@ [5a

iz EE lire] lirc] lfrc] Iire]
o0 B @ l li:
iz EE Itrn:I Itrn:I P rn: tre
0.0]] B jj n] @ ltf{

a1 m Itrn:I Itrn:I

tre trc
o0 [0 jj @

Ao @ Itrc:I Itrc:I

tre tre tre tre trt:I 1
0] B jf g ﬁ@{

The first difficulty is the root feedback. In a similar way as the division, the extractor

supplies a partial root Q; in "BS" notation. On the other hand, the "head" and "tail"
cell of the divider accepts a partial root in conventional binary representation. A

subtractor could be used to convert each Q; from "BS" to conventional, but that

would be both slow and expansive. The converter below use a 4-input, 2-output "trc"
cell, derived from the "BK" cell.

Square root Check whether you are acquainted with the logic of "trc" cell, which convert from
conversion cell "BS" notation into standard binary notation.

Input "si" is a bit from Qj, input "ci" indicates whether the carry propagates in this

cell's position. The carry is used in case of subtraction of 1. This signal corresponds to
the value 'P' of the "BK" cell.

e ifgj= 'T" then { so=si O ci; co=0 }//subtraction (sum - carry), carry killed
 ifgj="0"then { so=si;co=ci } //sum unchanged, carry propagated
¢ ifgj="1"then { so=si;co=0 } /sum unchanged, carry killed
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q] 5ici =

L]

L I Y o o R o Rl o o Y o o [ o

Look at the table

a8
=
L)

i
'1 il @

Yalider

[=]
L A

(]
H OO R DOOR 2O
HFORFOFHOFFORFEQO RO
Lo T o e T Y e e I e B R ) e Y

Carry- The fast square-root extractor utilizes the same cell as the fast divider to execute at
propagation free each step one of the three following arithmetic operations:

Square root .« ifq;="1"then Ryj., = Ryj + 2 * Qj—2°" // addition
* ifqj="0"then Rpj» =Rp; it // identity
* if gj="1"then Ry, =Ry - 2w Q-2 " J/subtraction

Hg Mg Hgfs  Oafy  Oyfy Oy fp Oy fy Ogly 4y g
? 1 1 0 ? 0 ? 1 0 ? 0 ofg] o [
: gl
. .
failg| |tail;| |tailg| |ailg| |wily| |tily| |t@ily| |t | | |til, ‘ #J
0 1 1 1 0 0 1 %l/ @{
5 5 5, 5 55 5, 5,

R [100 a0 5 [200 [ head" Nbbits[3 = VHDLl@q

Each "head" cell selects the value of one digit gj thanks to the sign of an estimate sz

of the current remainder Rp;.

f{ =3 2 is normalized from 64 to 127

0 Hsfs Oy Ogfy O3y O L Oh  Opf

f SR WA B 9N A R A e

head .| |tailg| |tailg| |taily| |tails| |tail,| |tail,| | |til, ‘Lﬂ?
< | < A A | R m‘/
SQ 53 S? Sﬁ 55 54 53 51

R [200 af1oo 5 [3as W 'head' Nb.bits[3 2 VHDL|®1
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The third and last difficulty is lying in the range. Indeed each Q;j must start with a "1"
in the most significant position (implicit). This condition is fulfilled if the two most
significant bits of the radicand A are not both zero. In other word, A must be
"normalized". This "1" is subtracted once from A in the first row thanks to a negative

"head" input.
Oo =1 .9 ] R A3z
R f .0 0O
v § 4 Yy T

1
+ T
|

a
mi | head ail | _tﬂl
fhd g _/,, _/1_‘./ ull.;?{ﬁ/?i/ g g

@E i head i tail | |tre | tail tzlilI
10 1]
|.-:|3 b ] |/1

A is normalized
frorm 4086 to 16333

A Izsnn o] |5|:| = ||:| Mb. hits |5 E VHDLl @

Divider and The same circuit can execute either the division or the square root extraction thanks to
square root multiplexers "2 [J 1" inserted into the inputs of some "tail" cells. The arrow [f] close to
extractor the button switch around the connections of the inputs of about half of the "tail" cells
therefore switching the function. For clarity the converter is not drawn for division,
but it is always connected to Q and supplies either the quotient or the root in standard
binary format.
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Og =1 a3 'j? a1z da CRp ds CRTL P 39 da ag dy 3? EI1 aﬁ dp 35
LA LARINLY
ds I+/ Iy I} EENGIEEY .
m: i heail/ tall talIJ tal ta| ItEuI % tall |I|
U

04 ﬁ s
@3 i“ h:aad tail [ ftre] | tail tai J [I:Ij |ﬂ| |l||| : tail : tail a@

o 17 /f}%g e L E e

. ¥ Ay

il; i head i i INIEEIED [xat |
= tail | [tre] [ tail | [tre] | tai tEIJ [ tait | | tail | tail
. 17 ‘ﬁ% i %aﬁﬂ

s

aly i head tail | |tref | tail trc”tall tn: tall [Ij tail
RA ./ +
[H]w ] ||
| head tail trc tall trc tall trc tall trc tall
Ao | ./ + /—‘IJ
A s normalized ms :
frarn 4096 to 16383 | ]
Delay : B, activity : 26 Iz

A [10101 D |250 @ [101 R [-100 Nb.bits 5 = @

agz dy ag 'jﬁ CRp dﬁ 310 'j4 ag ds as dz @z I3'1 as dp #5

w10 g ) 1) 1) 100 0V B L)

}
| head | [t
[ ") l/
|1 h 4 ]

-1|: i head tall I r; | ItE||I I I tall tall tall tall tall
q 2 . h 4
@! i head tall tall tall tall tall tall
04 /
I I h 4 .
1 A i head tall
q D x h i
D iz normalized EE: :
from 128 to 255 | head
Delay : 6, activity : 25 Iz

A [10101 D {250 G {41 R |13 Nb.bits 5 = @

The comparison of the two pictures shows where to put the multiplexers.
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Floating-point addition

Floating-point
numbers format

The binary code of floating point real numbers is composed of three fields. The sign S
(1 bit), the exponent E (8 blts) and the mantissa M, or significand (23 bits).

The number value i 1s (- I)S * 2 127, (1 +M /8388608 ) . However if E = 0, the
number value is (-1)° * 2712%) & (M /8388608 ) and if E = 255, the value is infinite.
Check your understanding of this format by entering the code (32 bits) of the
proposed numbers.

Fepresentation of the largest number (2128 - 21']4]
240 282 346 638 528 859 811 704 183 484 516 925 440

Plus Exponent127 =127 Mantissa=1 + (8388607/3338608) @

3 1 Validate ,

0 1111110 A1 111111111111 11111111]

Addition and Since real numbers are coded as "sign/absolute-value", toggling the sign-bit inverses
subtraction the sign. Consequently the same operator performs as well either addition or
subtraction according to the operand's sign.
Addition/subtraction of two real numbers S = A + B is more complex than
multiplication or division or real numbers.
Floating-point addition progresses in 4 steps:
* Mantissa alignment if A and B exponents are different,
* Addition/subtraction of the aligned mantissas,
* Postnormalization of the mantissas sum S if not already normalized,
* Rounding of sum S.
The alignment step yields a guard bit and a sticky bit for the rounding step .
A |55 B |55
30 23 I 3130 322

» [0] [foooofo0] [fo] 11DDDDDDDDDDDDDDDDDD| B [0] {oo00007] |D1mnnnnnnnnnnnnnnnnnnm

A= + 110111000000000000000000 =2% = 55.0
B= +1.01100000000000000000000 =22 = 5.5
1 -4 ahd B mantissas alighment
A=+ 1.1III‘H1IZII:II:IIIIEIIIIIZIIZIIZII:II:IIIIEIIIIIZIIZIEIEI,'I:IIII*25 = 55.0 i A unchanged in aligniment)
B= + EI.EIEI“IEI11EIEIEIEIEIEIEIEIEIEIEIEIEIEIEIEIEI|IEIEI*25 = 5.5 i B shifled 3 positions to the Fight )
2- Alighed mantizsas addition
5:+IZI1.11‘II:|I:|1IZIIZIIIIIIIIIIEII:II:IIZIIZIIIIIIIIIIEII:IEIEI,'IZIIII*25 = 60.5
3- Renormalisation of 5 mahtizss
5= +1.11‘II:|I:|1IIIIZIIIIIIIIIIEII:II:IIIIIZIIIIIIIIIIEII:IIZIIII,'IZIIII*25 = 60.5
4 - Roulhding of & mahtizsa
§= +111100100000000000000000 =25 = 60.5

330 3 22
s [0] [TooooTo0] [{11001 Dnnnnnnnnnnnnnnnm
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Adder/ A floating-point adder is made of the following blocks:

subtractor Bloc 1: outputs the larger of the two exponents (8 bits), outputs the exponent distance
(5 bits), outputs the implicit bit of both operands.
Bloc 2: outputs at left the smaller operand mantissa (23 bits), outputs at right the
larger operand mantissa (23 bits).
Shifter 1: shifts to the right the smaller operand mantissa, adds the guard bit and the
sticky bit, totaling 26 bits.
Complementer: on request, does the logic complement for a subtraction.
Adder 1: adds the two inputs and the carry in. outputs the rounded sum and a carry
out.
Zero-leading-counter: the ZLC output gives the number of leading '0' if the result is
not normalized, and "1" otherwise.
Shifter 2: shifts to the left ( ZLC — 1) positions. The fist bit is lost ( implicit '1").
Adder 2: subtracts ( ZLC — 1 ) from the greater of the two exponents.

IV 23 30 2 0 2 0
] o] [fooooioo] [fooooooi] [1o111110000000000000000] [{0000000000000000000701]
Iy e TNy I TN,
B re-alignment A= B mantissas swap
Ads normalised
B is normalised smaller larger
=>%:\SQL}§@D;{EH15
A
]‘D .::I Ty I I:I
¥ ¥ Yy 'H"*‘
@ﬂ"_ srmaller AV larger
addition : 129499141 = 1268297 + 116916224 + 0
Ef‘j {round up )
E adder out 5
. H Y YT
1 hits "0"
inleading position
; h—\r Il — g,f hift 1 positions
’ 1‘“ “! f-‘r ta the right =
\ 132=132-01-1 / L implicit
J T TTr Y YY:
o] [{1101110000000000000001]
21 a0 23 2z 0

Real numbers A floating-point numbers addition requires some integer additions, parameterized
fast addition shifts (to the right for alignment, to the left for renormalization) and a counting of the
leading zeroes of the result. Addition can be completed with delay log,(n).

Parameterized shift delay is log,(n) as well.
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L, T T T T T T T T T T T T T T '
E]"""""""'I’ e
p/-p] ol o B ol o o] ol o] B ol © o] ol B O ol © P Pl @ B bl @ [ wioo f
o 1 2 2 4 &5 &6 T 2 49 10 11 12 12 14 15 16 17 12 19 20 21 22 22 dquard round sticky

Zero leading A binary tree counts up the number of '0' in the most significant positions by
counter ( ZLC ) dichotomy. If the size of the sub-strings is a power of two, then there is no need for
adders but multiplexers can be used instead. Indeed only the size of the left substring

has to be a power of two. The substring at right must simply be shorter than or of the
same size as the left substring.

o 1 2 3 4 5 6 7 2 9 A0 41 12 13 14 15 46 AF 18 19 20 21 22 23 294 25 26 27
SLLILLLLLLLLL, ;

|1 1||1 1||1 1||1 1||1 1||1 1||1 1||III 1||III 1||III 1||1 1||1 1||1 III||1 1|
2 2 2 2 2 2 2 a u] u] 2 2 1 2
W e s o

3 R ) R A I

— 00|
I

b
=
=

‘ "-IHDLl

Zero leading This cell combines the number of leading '0' of two 16-bit strings to obtain the
counter cell number of leading '0' of the concatenation of the two strings.

oif X<16thenS=XelseS=16+Y

L

L
=
b
|

[y

i5 54 S 52 54
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Zero leading From the mantissas A and B, one can construct in constant time a string P with the
prediction same number of leading zeroes, but for at most one, as the result of the difference
D = A — B with no need to wait for the subtraction completion. When fed to a ZLC,
this string predicts the number of positions required by the shifter. If the result of the
shift still exhibits a leading zero, then a shift of one more position is necessary to
normalize the result. Otherwise the shifted value is normalized.
The prediction is valid if A is normalized and B less than or equal to A. This is the
always the case in a significand subtraction. The leading zero(es) result from a carry
string 'P'* 'G' 'K'* , made up with a number (possibly null) of 'P' followed by a unique
'G" followed by a number (possibly null) of 'K' . The predictor cell outputs a '0' for
every pair of symbols in: 'P' 'P' ; 'P' 'G"; 'G' 'K' et 'K' 'K' and outputs a 'l' for every
other pair. This predictor does not take into account the carry propagation that may
lead to an error of one position in the predicted bitstring. Since only one bit in 'P'* 'G'
'K'* might be incorrectly predicted, the error is tolerable.

B (4424704 £ A 4456448 P |35840 O 31744
1]{1] [ollo] [oljo] [oljol [olf1] [llol [liol [l [olfo] o]l iio] oifo] [1lio] plie] ifo] olio] piie] pifo] olio] pifo] [oifo] olio] [0l
B T Y Y Y Y N Y Y Y I I I I I I I I WY
o] () () [ ] (] () () () () () () () ) ) ] ] [ [
Bl Bl [P (g Fl [Pl [Pl [Pl Pl [Pl [Pl [Pl Pl [Pl [Pl [Pl

Y Y Y Y Y Y Y Y YYYYYYT

HEEEREEEEEEEEEEEEEEEEInn Fastcarry look ahead adder {input carry = 1) |-

PITIRIE R i i iy

poooooof1T0oOO0OYTYT0000OO0COO0OO0OOQO0OOQOO0OOQOOQODOODOOTYYM191T00D0D00D
Predicted ZLC : 7 {incorrect prediction) Exact ALC: 8

L A A ¥¥r

Zero leading The prediction is incorrect only if the carry string starts with 'P'* 'G' 'K'* 'P'* 'K'.
prediction The following circuit output "Y' whenever the prediction is incorrect, in other words

adjustment too small by one.

BB BB KKK R OB R B KE R E R ERE R E B

Q]
@]

@]
Qe M o £ ony U
K P G ZIZ any U
Y e KIZ 7 U Qo Uy Ll
FlW 7 0 BN NN
Y e GlF 7 ou R
oo

es, the prediction is false
Z indicates a string 'K'* 'P'*
Q indicates a string 'P'* 'G' 'K"™* 'P'* (containing only one 'G')
N indicates a string starting with 'P'* 'K'
Y indicates a string starting with 'P'* 'G' 'K 'P'* 'K, that is Q followed by N.
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U indicates any other string.

Prediction cell The leading '0' prediction cell output a 'l"' at the end of the string 'P"* 'G' 'K'* and "0
inside the string (and don’t care neither inside nor at the end). Check whether you are
acquainted with the truth table of this cell.

Look at the table cd ed
eqg ed 3 @ @
K K i
E P 1
E G 1
P E =
PP 0
PG i
" a Pred
G P 1
G G 1
3 4 l
= @
I 1]
S Yalidate -

Absolute value We need the absolute value of the exponent's difference to control Shifter 1. In case
of the difference ©of floating-point subtraction, the absolute value of the mantissas difference is also
computed. With four slight modifications, Sklanski's adder returns S=0A — B [0
* insert a row of inverters to complement B (or A)

* modify the "BK" cell giving ¢, to change the value 'P' into 'G' for the signal
"feed-back"
* insert a row of "BK" cells connected to "feed-back"
* modify the later cells to either complement the result S or increment it
according to "feed-back".
Dielay : 4, activity - &

a b A by a5 by a, b, a, b a, by a, by a by
ol o i ii ol [i] 1] [1] ol o

v v A B A v

[Ha | [Ha | [Ha | H# H#, HA

feed-hack

C

I -
i | E‘J“
o f i
Ef EJ“ o f T o Y

]

=] (=
=
i
-
=1 i
-
-5
B

[ov]

; =
& 150 B [150 g [100 Mh. bits |2 = "JHDLl @

ifA+B>2"thenS=A+B+1lelseS=A+B
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Rounding to the In a floating point addition, the adder output S is first normalized by shift and then
nearest rounded up by adding 0 or 1 ulp (unit in the last place), to give the result mantissa.
The 28-bit S is labeled "adder out" in the floating point adder above. Check whether

you are acquainted with the normalization and rounding.

SM01.00000000000000000000000[000

iZlick on the appropriate button

@ @ @

Shift 1 right then Add 1 ulp Shift 1 left then Shift 2 left then
add 1 ulp na shift add 1 ulp add 1 ulp
Shift 1 right Leawve unchanged Shift 1 left Shift 2 left

The vertical arrow [f| permutes the order of the shift and addition. The shift to the left
of more than 1 position that never leads to an addition of 1 ulp is disregarded. With a
pre-shift one position to the left in case of subtractions, we come down to the
following cases :

* shift to the right 0 or 1 position (S or S/2)

e addition of 0 or 1 ulp (with carry propagation) (Sor S/2or S+ 1 orS/2 + 1)

Speculative To avoid the extra delay due to the carry propagation when adding 1 ulp for the
rounding rounding, a three-output adder precalculates : S, S'=S + I and S" =S + 2. From this
three outputs, all the possible final results can be obtained with a mere extra shift
right: S, S/2,S'=S+1,S"/2=S/2+ 1.
Dielay 3, activity : 23
%

b?
1] ol 1 1 1
b ) e (e e )

b

L=11

1
HA HA HA HA HA HA HA {/7

. + - | HT’J
L—J:E(J—tg.( i' Vo

W, VIRV AW R VA

L

St 000 0B G0 OO0 HOG DE6 GO0 Do@
&g 5'3 sg = s'? s; =R 5'5 sg &q 5'5 sg A s"1 s"" &, 5'3 55 = 5'2 s; g 5'1 5'1' =N 56 SE

[A 200 B {54 §[254  gfss  e'fess  mbobits[s S @ ]
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Elementary Functions ‘

Elementary Realization of operators for Exponential, Logarithm, Sine, Cosine, arcTangent
functions relying on addition/subtraction and fixed shift. The cost and delay of fixed shits are
negligible when they are wired.

cost ‘ delay max ‘
addition/subtraction/shift n2 n ‘
table read (ROM) n 20 log,(n) ‘

A table read (ROM) would probably be faster but the size of the table, i.e. the cost,
increases exponentially with the number of bits. However table partitioning may
reduce the size.

From a bread We want to compute exp ( Y ), we have available a scale, a white bread whose

loaf weighting to weight is actually just Y and a set of weights with values log(1 +2" ). The
the exponential weighting gives the sought-after result in the form of a product of rationals
computation (21 +1)/ 2" . The multiplication by each rational amount to a mere addition and
shift. A weight put down on the right plate (the bread's one) has it value changed

into -log(1 ~2" ). Thank to this trick, the weighting can be restoring, non-
restoring or "SRT".

4
(1291 28)
[o0{51 3551 2)

i BEUGINGET ]

NG(Z6TI256) — — -
[7] /0] [f] [0 [0) [i] [i] [0] ] [0 54e485690873 Nb. poids [a & ¥ [0.55

39 65 129 513
exp(0.54848569087358298) = 1.730630323290825 = = 5 B4 1358 517

Carry The scale is replaced by a "SRT" divider whose "Robertson's diagram" is drawn
propagation free below
division for
exponential
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+1
[y
z
3 7 >
:
a
-1 -1 | +1 +2
= aticienne valear E

Fi=1; log-=-1.3862944 - log+ = +0.8109302
The applet gives all the successive partial remainders.
The dividend Y (top) must be within ] -1, +1[ .

"SRT" divider The constants log(1 + 2_1) and -log(1 — 2_1) fed into the "tail" cells are wired . Thus
for exponential there are 4 variants for the cell according to the values of the two bits.

Mﬂ!ﬂﬂ!ﬂﬂ!ﬂﬂ!ﬂﬂ!ﬂﬂ!ﬂﬂﬂﬂ
head tail |
head tall tall tall tall tall tall tall tall tall tall tall tall tall

head tall | tall tall tall tall tall tall tall tall tall tall tall

head tall tall tall tall tall tall tall tall tall tall tall

head tall | tall tall tall tall tall tall tall tall tall

head tall tall tall tall tall tall tall tall tall

head tall | tall tall tall tall tall tall tall

Mh. hits |3 g iy |n_? P |n_5ma125 R |-D.DE|3128|3518 ﬂl ‘

Operations of a The value of each gj is selected by a "head" cell according to I/i , the weighted

3 " "
slice (.)f. SRT sum of the two most 51gn1ﬁcant dlglts r1 and r( of the representatlon of R;.
divider for R _
exponential ° ifRj>0 then {qj="1";80= R —2; Rj+1 = Rj +log(1 —27 ) } // subtraction
A AN
* ifRj=0o0rRj=-1 then {g;="0 ;sOZRj;RjH =R+ 0} //identity

A — A -1
« if Rj<-1 then { qj="T";50=Rj+2; Rjr| = R+ log(1 +27) } //addition
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=1
=1

=1

rl r0 =0 =i
+1 +1 gwverflom
+1 ] o +1
+1 -1 -1 +1
o +1 -1 +1
] ] ] ]
o -1 -1 ]
-1 +1 -1 ]

=1
=1

Look at the table

s

[
e
1 .

il

Yy

head

{ @

Valider

Sequence of The stack of conditional multipliers by 1 or by (1 + 2_1) or by (1 — 2_1) needs only

multiplications one final carry propagation thanks to "CS" adders and wired shifts.

Additions are truncated to 2 n digits, of which two before the point. The third most
significant digit (fully left) is the sign. Despite the fact that all partial results are
positive, the execution of subtraction in "CS" sometimes brings about an unresolved
sign. The final result (bottom line) must be converted from "CS" to binary by one
addition (with carry propagation).

F+ + ¥+ ¥4

i
H
[n)

i
5

I
ki
It

r
"

o o @ @M W & @ ©o © @ o &6 4 4 f 4 o o
Mhb. hits 4 E 2.0251610960274547 = %%%%%%% 2.0251408912109375 :

Numerical The tables below show the partial remainders ("BS") and the partial products ("CS").
example of The windows at the tables bottom gives the actual value of the function, the product

division of rational numbers (1 + 2" )or (1- 2" ) and finally the truncated product of rational
numbers to exhibit the errors introduced by the method
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s

.

s

s

s
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s

.

s
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I—

I—

I—

I—

I—

—

e

.

s

s

s

.

.

s

.

.

s

.

.

s

s

.

s

.

.

s

s

.

s

.

I—

I—

I—

I—

I—

—

e

—

e

—

e

I—

2.013752707067453 .

63 255 511 4095 8191 22767 131071 1048575 2097151
16 32 B4 256 512 4086 8192 32768 131072 1048576 2097152

17 3

T exp(0. 7y = 2.0137526934683003 ; 12

; 2.0137527051319982

B3 255 511 4095 8191 32767 131071 1048575 2097151 4194305
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16 32 64 256 512 4096 8192 32768 131072 1048576 2097152 4194304

kil

17

1 1 T 7 7 A 1 1 O T

1]
1]

0
0
0
0
0
0
0
0

Mh. bits |15

o7
1l

e

[ 2z
Ho:
[ORCZIT
e
H-css
Here2
[]1sss+ 0

—_—
=2 —
= o

oottt 2000111011101 011011 1010102000111 17111111 12000000000000
gotjz2o000001711011101011011101011 0000111171111 1200000000000000000
t2111111211o0201020202011201101 0201102020121 11011 1111111111112

¥4 0011111201101 1202020111202011701111011210211201111021010112021
t211 1111 21021120101 211111011 0120201112012020111 111201 11012012

go111z200011020070100120010011 011110200117 0200011711101710102001¢01
oottt 1zo0o01102000110011111011100100120010010011112000111100120020
62142 1 2 1111112102111 2101011 11011111 2010211002011012110102110111112
@t 0011112001101 20010170111101112000110110170011100110110110111200
goo11t12000110120010101001020001170011001100100011100120010111401
st 001200000111 0000701010011000011700171T0017T1700170001T11701000010117101

oottt 1t1rzo11t1o011o0z2zo0z2110110202101172011 111111111112

ot1o0@mo0oo0oan

got1o0p0o01o0000000

goo1(t1tz2011101111112

121111201021 011201111112

oot 200011701 02000111172000000000

t211 111 z2o02002111020201110111 11111111112

01 0|0
o1 o0maoan

-
o o F &g e
— o T e e & M — o e E=]

o — 0 W -4
| (=] =l el e el ==l 3 Y i (== i Y 3 = i sl el i [ [ |

o5 001120000111 00001701701711101T20000011701T1T010011100110110110120000
wede 1 211111121101 1120202101021 11 012110201111 0111021021011 1 1201012
43t 001111 1Zo11o011 1202100121011 021 017201202011 2011 1110120172011 1021
sessl 00 1(1 1200011012001 010100201T11701 11111210201 012010021 021701011201
grre: 1 21111 112102111 2020201 211110211 01202021021101 1120111170101 1111
W5 0011 11120110111 2020202011017170102101 11002101201 0201 117201110211
gragee 1 2111111210211 112121 21217020101 0201111202011 0112170202011121112
mroo011111Z2o011o01112020202010112010201020102001201102011120211021

024
(1L H]
10z
31768
titi]
H07:
63435

4006

1211111121101 112020201210111201121012002101112011110210210111

Range extension The previous circuit works with Y in the range ] -1, +1 [ . For the exponential of any

Nb.bits[30 o 2n13752707067453 = 13



number Y, Y is written Y = Q=log(8) + R, where Q is the integer quotient of the

division of Y by log(8) and R < log(8) < 1. Then exp(Y) = 82 * exp(R) = 2°2 *
exp(R). Since exp(R) < 1, it is acceptable by the above circuit.

Logarithm and
exponential | X = H (1 + q]wz ] ) =

m-1 m-1

) Xl\kzl ¥ }ch?.'i

1—|:| 1=

i l TE‘
exponential

n _ :
I (1+qx27) =3 T log(l+qjx27)
=1 logarithm =1

The same operator computes either the Logarithm or the Exponential with
additions/subtractions (it is the same operation), shifts and constants. The constants are

log(1 + 2" )and -log (1 — 2" ) and the digits 0{ 'T', 0", '1"' }. The slack selection of the
digit value, which unfortunately will be lacking later on for Sine and Cosine, allows to
avoid all but one carry propagation

. - . =
| Ll:ugar|thrn(}{]|| Expnnent|alm| Reset |Nb.b|ts_|12 = |

Xo =[o.ssz6m1 | Yo =0

¥ —1 Vi — log (X))
[bi10110100100 o
|§'3||=D.11D11I]1EIEI1IZIEI=EI.EIEIDEIEIEIEIEIEIEIEIEI
+ p—
|§1||=IZI.11EI11EI1EIEI1IZIEI=EI.EIEIDEIEIEIEIEIEIEIEIEI
+ p—
@=D.11D11D1DD1IZIEI=EI.EIEIDEIEIEIEIEIEIEIEIEI
+ p—
3-0110110100100(=00000000000010
+IZIIZIEIIII11III11EI1EI1—IZI.IZIEIIZI111‘IIIIIZIEI1EI
|§‘|‘=D1111IZI1EI11IZI1EI=EI.IZIEIIZI111'IEIEIEI1EI
+ p—
5-0111101011010(=0000111100010
+IZIIZIEIIIIIIIIII1111EI11—IZI.IZIEIIZIIIIIZI1‘I1111EI
@5=D111111D1D1D1=EI.EIEI1EIEI1‘IEIEIEIEIEI
+ p—
T-0111111010101|=0001001100000
+IZIIZIIZIIIIIIIIIIIII1EIEIEIIIIIZI—IZI.EIEIEIEIEIEI‘IEIEIEIEIEI
@3=D11111111D1D1=EI.EIEI1EI1EIEIEIEIEIEIEI
+ p—
2-0111111110101|=0001010000000
+IZIIZIIZIEIEIEIEIEIEI1IZIIIIIZI—IZI.EIEIIZIEIEIEIEIEHIZIIZIIZI
0-0111111111101)|=0001010001000
+ p—
-0111111111101)|=0001010001000
+EI.IZIIZIIIIIZIIZIIIIEIIZIEIIZI1EI —goooooooonata

logix ) found= 000101000101 0000 =-0.15869140625
loge,) exact= 0001010001100110= -0.15938150342898558
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From a bread We want to compute sine( A ) and/or cosine ( A ); we have available a scale, a white

loaf weighting to bread whose weight is actually just A and a set of weights with values arctg ( 2" ). All
sine and cosine the weights must go on the scale plates, either side.

arctg(1)

O arctyil 4 arct%ﬁ 17
. : %
\-_“-‘-

a?ctgm 1) =

arctg{1M 6)
OO O

p——

lll|I|llll|n RY2227118955 Mb. poids |a E' A IIII?
sin(0.69882715) | _ 06433202 | _ [ 1 2081 21y P 22 g 2 -2-4 1258 1 28 1 27 o
cos(0.693827149) 0.76554972 20 17021 1 2E 23 1 22T 28 2T 1k
Sine and Cosine [ et V; be a vector, with extremity (xj, y; ). A "pseudoRotation" of an angle arctg (2° )
computation

applied to V; gives Vii] 1 Xj4]1 = Xj—y; ¥ 2 and Vit = Vit x ¥ 27, After the angle A

is broken down into a weighted sum of arctg (2-1 ), a series of "pseudoRotations" yields
the coordinates of the vector of angle A, those coordinate are the values sin(A) and
cos(A) searched for. All the "pseudoRotations" require only addition/subtraction and

shift.
AT
« F
2 z 4 .
Anzzil_inaimarctg(?l) aje{-1+1}
. -
sindy ) _rpr | 1 -ax2?)f 0
(cosﬁi]_nhﬂ(ai*g‘i 11 ](k]
2
1 4
T
3]
12
Hy
0 Lo Ulfx
k
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The constant k gach "pseudoRotation" of the angle arctg(2_1) brings about a vector lengthening of

Angle
decomposition

"Robertson's
diagram" for
CORDIC

\/ 1+272, for it is not exactly a rotation but rather a displacement of the vector extremity
on a perpendicular vector. In order to compensate in advance the product of all the

lengthening of a series of "pseudoRotations", the starting vector is ( xg =k ,yg=0).
For n large enough, k is approximately equal to 0,60725. In order for k to be a constant,

the representation with arctg(2_1 ) uses digits O{ 'T",'1" }.
.-'r}-l"'"
i

What is the domain of the angles A = Ziio a; * arctg (2_1) and what precision can be

o
r

expected from this notation ? A is the angle value to reach, and T is the value attained
by the series of pseudoRotations. To change the value of A, click in the figure. All
values are expressed in radiant. The key "Reset" allows to 'manually' control the

convergence into the notation arctg (2-1) by clicking the digit values.

3
ﬁétﬁaits EE

ﬁ%ngle A= 0852435

e

1
”39 angle T= [.852435

65 Reset |

1]

a, : a, : a, : a, : a4= 8 : a : a; : a : ay :
amz a”= 312= aw: 314= alﬁz am: al?z aw:

The "Robertson's diagram" shows that the iteration to convert into basis arctg(Z-l)
may be as follows:

if R>0 then { S =R—arctg(2_1);ai='1' } else { S =R+arctg(2_1);ai='T' }-
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hrt

new remainder S
¥

_2 = old remg,mderR G i

EI i=1—2'+arctgf 2= 09272052
"non restoring" The angle Y (divider's top) is in the interval [ -1.743.. +1.743...]. The constant bits at
divider for "AS" cells inputs are wired. The operations are selected according to the previous

CORDIC npartial remainder R or by y( for the first iteration .
Yo ¥y ¥ ¥ ¥ ¥5 ¥a Y7 Y ¥a Yio Y1 Yz Yz Y4

%LLLEEEEEEEEEEE
i Tt g e e e i

LI}: ' AS | AS [ AS la] AS [ { AS la AS [ AS e AS fa]{ AS e AS | AS la AS [+ { AS |l AS
1
_1 -4

AS e AS [ AS la AS [ AS |l AS fa]{ AS e AT e AS e AT [ AS e AS | AS

CE:
L]; EE] P ] O ) P ) P Y ) P O ) P o
24‘ ' AS || A5 || A5 AS]] Al AS| | AS | As| ] As[ | ASl A5
LIi: ' AS || A5 [e| AS|e | AS] AS|] ASe] AS| | AS ] AS| ] AS
am:' AS|e AS || AS || AS || AS|] AS|e| AS| | ASAS
am:' AS| gl A5l A5 AS| As| | ASl A5
o] Iz o] Ma Mg rm r11 r12 r13 M4
Nb.bits[s S ¥ [087s A fo7rraaars | R [Fo3ss703E4 | wHOL|

"PseudoRotation'" If the "PseudoRotations" use carry-propagation-free additions/subtractions (here
operator for sine "CS") then the delay is given by the stage number. The first stage does not have to

and cosine perform an addition/subtraction since X =k, Y = 0, and consequently
ifag="1"then { X; =k ;Y =k }else { X;=k;Y;=-k}.

To keep the picture clear, the wires X * 2™ are not always drawn.
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el ey

Bl Y

I S I S I o I

s

A7
Hop ¥ Kp ¥y ¥p Mg g Xg Mg Xy Mg Mg XqpXyp¥pXqazHia¥qs o YoV ¥p Vi oYz Va ¥a Y Ye Y7 Y Vo YoVai¥iz¥Yia¥iaYis

Nb.bitsl_s (=1 | [ ein[0.8719692] 7l n7esse39s | _f 1 20 LIS YA o T i e S T NS T B O B B SR R
I cox08719692) | T\ 064331055 20 2t 2 g2 o2 2 2 2T 1000

"double ESPR . . . .
It uses an approximation R of the partial remainder R to determine the rotation:

rotation" LA
CORDIC" ° HR>0then {aj="1"};

AN
Robertson's e ifR=0then {a;="0"};
Diagram" . R <0 then {a;='T"}

A
The diagram shows that the approximation R can be coarse.

+1
(%)
:
E
=
_él = old rem%inderR A e

Fli=0—= 2i«arcty(271= 07853982

"double This divider uses the same "head" and "tail" cells as the "SRT" divider. To put up
rotation' With the '0', the angle is first halved then the "pseudoRotations" are doubled. Thanks

CORDIC to that, the lengthening stays the same ( 2#\/ 1+ 4" ) whatever the value of a; .

« ifa;="1" then { rotation of (arctg(Z_I')) followed by rotation of (alrctg(2_1 DRE
e ifa; ='0" then { rotation of (arctg(2-1 )) followed by rotation of (-arctg(2-1 N}
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e ifa;="1"then { rotation of (-arctg(2-1 )) followed by rotation of (-arctg(2_l N}
Yo Y1 Yz ¥a ¥q  V¥s Y& Y7 ¥a Yo Yo Y11 ¥z ¥z Vg

VR e U U b Uo Tr o B B b B b o g

head tail tail tail tail tail tail tail tail tail tail tail tail tail

@‘L’: 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
z head tail tail tail tail tail tail tail tail tail tail tail tail
1 IZ Ii I/;I/;I/;I/;I/;I/;I/;I/;I/;I/;I/;I/

EI._I.‘ 1 1 1 1 1 1 T 1 1 1 1 1 1 1 T 1 1 1 1 1 1 1
= head tail tail tail tail tail tail tail tail tail tail tail
2 IZ Ix_" I/;I/II/;I/;I/;I/II/;I/;I/;I/II/

.1L_1| 1 1 1 1 1 1
z hiead tail tail tail tail tail tail tail tail tail tail
3 Iz I/_—‘ I/II/;I/;I/;I/II/;I/;I/;I/II/
-1I.3 [ | | | [ | | | | | | | [ | | | | | | |
head tail tail tail tail tail tail tail tail tail
CE!
@ 1 1 T 1 1 1 1 1 1 1 T 1 1 1 1 1 1 1
z head tail tail tail tail tail tail tail tail
] IZ Ii I/;I/;I/;I/;I/;I/;I/;I/

DI.?' 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
head tail tail tail tail tail tail tail
dg
@ 1 1 1 1 1 1 1 1 1 1 1 1 1 1
hiead tail tail tail tail tail tail
a7 r’
fs rg rm r11 r12 r13 r14 r15

Mb. hits |a_§ v [0s7 A [0.626125 R |4.272461E-4 VHDLl

The rotation engine doubles each rotation

constant k constant k

1
Ch|
i
a2
] i
~JJEL T LI . IR EL + i
W WW
i o B o of @ Mg on AR e R E
g X4 Hp Ky Hg Mz Hg ¥g Yo Wy ¥Wp W9 Y2 Wi VW4 Vg
Mb. bits [ = |{sin(0.4373379) 7104375 1 20 1 21 1 22010
= || cosl0.4373379) T 084375 201 20 2t gk

"double The "double rotation" has a cost: it doubles the rotation hardware and probably the delay
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division" as well. The "double division" is more ingenious. It makes use of two dividers running

CORDIC simultaneously with slightly different "head" cells.
Yoo ¥ty ¥z ¥z ¥4 o ¥s  ¥e ¥y W Voo Yoo ¥Yno Yz Yz Va4

z hiead tail tail tail tail tail tail tail tail tail tail tail tail tail
o
IE? I head I ItEliI W tail I Itail I ItEliI I ItEliI W tail I Itail I ItEliI I Itzlil W tail I Itail I ItEliI I
1 }Z Ii I/;I/;}/;I/;I/;I/;I/;I/II/;I/;I/;I/
|E||EI:E I head i tail I ItEliI I ItEliI I Itail . tail I ItEliI I ItEliI I Itail . tail i ItEliI I ItEliI I
2
@? I e Tl head I Itail I Itail I Itail . tail I Itail I Itail I Itail . tail i Itail I Itail I
3
IEHL! I hiead I Itail I Itail o tail I Itail I Itail I Itail o tail i Itail I Itail I
dq 7 A J. J /! J. J. J /! J. /l
IE"I:E I head I ItEliI . tail I Itail I ItEliI I Itzlil . tail i Itail I ItEliI I
A5
a[:E I head . tail I ItEliI I ItEliI I Itail . tail i ItEliI I ItEliI I
G IZ Ii I/;}/;I/;I/;I/;I/;I/
Eﬁ I head I Itail I Itail I Itail . tail i Itail I Itail I
a7 r’
re rg rm r” r12 r13 r14 r15
i [=]
Nh.hltSIE = ' |0.875 A |1.2TT3438 R IEI.DEIHSEIEEB ‘JHDLl ‘
"head" of dividerl "head" of divider2
. A AN A . A AN A
ifR>0 then { S=R-2;a;="1";} ifR=0 then {S=R-2;b;="1";}
. AN AN AN _ . A AN A _
ifR<0 then { S=R+1;a;="1l";} ifR<0 then { S=R+1;b;j="1";}

It is clear that whenever E= 0, divider] speculates that R < 0 and divider2 that R > 0. At
most one of them will eventually overflow, before the occurrence of the next E.=0. An
overflow indicates that the correct output is the other divider's one, only dividerl is shown.

The two heads detect the overflow to produce together a 3-valued indicator :

'K' the output digit is correct (either both dividerl and divider2 give the same value, or
divider2 overflows), 'G' the output digit is incorrect and must be complemented (dividerl
overflows), 'P' propagate the next indicator's value (values differ, no overflow). Whenever
a divider overflows, it carries on with the other divider's partial remainder R.

The propagation is similar to the carry propagation of addition

s FAS
if B> 4| B <-4 then (R;=5,,4,='") if 5;> 4| 5 <-4 then ( §;=R;, d;="F')
i o H Tl T 1 N 0
if B,> 0 then {a="1" R,y =R — arctg(2 resolution of B KT LA G 220 then { by ="1"; Sjyy =5 — arctg(2?
ﬂl en (& By = By —aretg( )}I{} (elimination of 'F') {'11 Ai th _ e “ .)}
if R, =0 then { a;="1"; B,y =F;+ arctg(21) } if 5,<0 then {b="1"; 5,4 =5 tarctzg(2)}
gb if 4 ="E' then c;=g; QIJ
multiplexor if 4 ="'CG' then c;="h;
if ¢;="1" then 3y = 3~ ¥; + 2 if ¢;='1" then Ty = T3+ 2"
if ;="T" then ¥y = X+ ¥+ 2% if ;=T then T, = ¥,— 3 *2%

Computation of In order to compute ArcTangent(Y) the vector (1, Y) is first drawn. The angle formed
Arc Tangent by this vector and the horizontal is the value sought-after. To measure this angle, the
vector undergoes a series of "pseudoRotations" to pull it down to the horizontal, and the
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angles arctg (2_l ) of all the "pseudoRotations" are accumulated (the constant k is not

used here).
_'—'—'_'_'_— EI
Mb. hits (10 =

Afound= 0.752535
Aexact= 0.7418149

arcty(0.935) = arctor2 % - arctar2 " +arctai2 B +arcto(2 % +arcto2 - arcto(2 % +arcto2 B +arcty2 )
+arctgi2 % +arcty2 ¥ +arcty (210

Y=0935 ]

4

i B
e 578 94p
1

if Yi>0then { Xir = Xi+Yi*2 ; Yir = Yi—X;*2 ;Ajyy = A —arctg2” ) }
else { Xi1 = Xi— Yi*2 ; Yir1 = Yi+Xi* 2" ; Ajrg = Aj+arctg2 ) }

Sine, Cosine and The "Nb. bits" selects simultaneously the number of bits of the calculations and the

Arc Tangent number of steps. Clicking the vertical arrow [f| changes the representation. Again, the
key "Reset" allows controlling 'manually' the convergence.
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0
' — SingA,)

Reset |Nb.hits:12 % ]
o

Hg = K (wired)
}s{i—r CUS(AD}

[pFToTToT0007] ct1oot110t10111

Arctgrn)

0852435

A —=

i

gin(a) Cosia) |

Ag

O—|—o|——||oo|flo—|—o|—~o|——|oo|o—||——|=—
O—|—o|——|oo|lo—|(|oo|o—|—o|——|ogo|——|—o
O |——|o—|—o|—o|(|lco|co|o—|—o|——|—o|oo
oo|o—|oo|—o|—o|——|o—|—o|o—|—o||oo||—o
O |——|——|——||oo|o—|co|o—|—o|oo|oo|oo
Oo—|—o|o—|oo|flo—|(|—o|lco—|—o|oo|oco||oo|oo
oo|o—|oo|—o||—o||lo—|co|oco|oo|oo||loo|loo
O |——|—oO|oo||lo—|(|—o|lco|oo|oo|oo||loo||oo
O—|—o|o—|——|oco|(|—o|lco|oo|oo|oco||loo|loo
oo|loo|—o|oo|f|loco||l—o|lco|oo|oo|oo||loo|loo
oo | O—|—oOf|—of|—o||loo|—o|—o|—o||—o||—o|—o
O—|—o|—o||—of—o|—o|—o|—o|—o|—o||—o|—o
oo | od|oo|oo |l ||| od | oo | od| oo ||do||a2o

=
=

Afound= 0.755781

Mh. bits [10
Aexact= 0662385

0.6581518233129365
T [=)

0.752685546875
0.7528852352582411

0.658447 265625

-

— OO || D0 || O—|—— |00 | o0 | o0 | o0 |D—||—C3
—oO||l—O|—o|| oo | oo | oD | DD || oD || D || || ——
—O|| = || D= O ||| OO —O = || D= =D || DO
DO || O ||—O||D—||—O||D— || o0 | O—|——||—2|—0O||—2
ol el | e e | el el | Bl o | e | e e | e e}
—O||—O| D= OO —O || O || —O||—D|| oD ||| oD
OO || O || —2 || 20| O—||—— || 00| —O||—D ||| oD
—O| | || D || DD | DD || DD D D || — D
—oO|l—O|| D || D— || oo | oD | oo || oD | oo | oo || oD
oo || oD | O—| OO0 |—0||—O0O||l— 20| —O || —O0 || —O0| —C0 || — O
oo || o— ||—O| oo | oo | o0 oo || o0 || oo | oo || oD

A

k10

]

[T} nl nl [T} [T} [T} [T} [T} [T} [T} [T} [T}
— [ —— [T —|Yo|llco|l|za||Yo||HYo|oco||oa|[o=
—a||—— |2 || P Pa|loco|oo|Pao|Pa|loco|oo|o—
ocoo|loo|Pa|| T — || Po|loco|oo|Pa|Pa|loo|o—||—o
ocoflo-|——| T || "o|loo|oo|fFao|Fo|lo—|—o|oo
o—|[—ao|Te||f—||"o||—o|—o|To|T—||loo|oo|lao
—a| o= T || To|oo|loco|T—||Pa|loco|oco|oo
ooflo-|T—|T—|To|loo|lo—|fao|PFo|lco|co||oo
——[oa|f—||C—||CPo||——|oco|Cao||Po|lco|oco|aco
—_T | —— || P || P || B || oo oo|Pa | Pa|loco|oo| oo
ooflo-|——|To|Co|loo|oo|fo|Po|lco|co||oo
—_——fo—|Te|Po|Po|lco|loco||Pao|Ba|loco|co||aco
—_laoo|2a||Ba | Bal|loco|oco| Ba || Ba||lco|oo| oo
n+ n+ I+ I+ I+ n+ n+ I+ I+ n+ n+ n+

0A01010000111110

011000000101 1000

0110000001011110
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#,=0101010001001000
1

=V

arctar2 0y +arcta(2 1y - arctg(2 % - arcto2 3 - arcta(2 - arctg2 % - arcto(2 %

=1~ ~FE "= e TE CE CE ] ] T 2EE FEE

Sin(ﬂxn) found
Sin(ﬂxn) exact

Cus(ﬂxn) found
Cus(ﬂxn) exact

arcsing.61a)
0615

-arcta(2 ) +arctar2 # +arctoz ) +arctorz '

g
This algorithm returns a poor result. Actually the vector is not long enough (its length

Arc Sine undergoes a series of "pseudoRotations" to pull it to the length 1 and its ordinate Y to S.
The angles arctg (2 ) of the "pseudoRotations" are accumulated to yield the angle A.

Computation of In order to compute ArcSine(S) the horizontal vector (k, 0) is first drawn. Then the vector



grows from 0,858773 to 1) for its end to be on the circle. Consequently the comparison of
its ordinate Y with S is sometimes incorrect. For each iteration, the vector length is
multiplied by /1+ 27 multiplying S by the same constant for each iteration would make
the comparisons pertinent. The "double rotation" makes this multiplication less unpleasant
since the multiplication by the square of this constant is merely an addition.

= | =
Nb. bits [10 5

Afound= 0.661773

1 Aexact= 0.662385
arcsin{0.615) = 2=arctai2 1 - Z=arctg(2 3 +Zearcto(2 ) - Zearcto(2 4 +2+arcty(2 %) +2+arcto2 9
+2warctg(2 71— 2earcta(2 - 2earcto(2 ¥) + 2earctyz 10
g10
378
5=0615 55

4

X1=1;Y1=0;A1=0;S1=8S;
i > Si then { Ajy = Aj—2 % arctg(2” ); Syt =S+ 8+ 27 ;

X =Xi+2# Yi*2 =X * 27 Vi = Y- 20 X # 2 oy e 2 )
else {Ajr]=Aj+2x* arctg(2_i) :Sit1 =S; + S * 2'21;

Xie1 =Xi—2% Yi* 2 = X;# 272 Yig = Yy + 2 Xy 27 - Yy %270 )
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sinfl¥) X € [U,
sinfl¥) X € [U,
arcsin(x) =z € [0,
2F-1 =elo,

logz(x) ze[1,

T 16 words, TO 16 words

ze[1,
4
A
8

T

2
T

4
1[

1[
2[
2[

Bipartite Table

The values of a function can be precomputed and stored into a table (a ROM).
Nevertheless, the table size grows very quickly with the precision. This practically
limits this approach. For continuous functions, one may store only a few values in a
table named "TIV", and the function slope, in order to interpolate within the stored
points, in another table named "TO".

In the applet below, start by selecting a function, then fix WI and then explore
solutions varying the values of TIV and TO around 2/3 of WI.

Adding a function to the list implies the modification of the source.

Plot the values of

W actual fuction

Th: 8 bits, TO : & bits V¥ segmented function

Cost: 208 bits ¥ discretised function

T =13 TOM =-4

f{}{j:TIV{}{ﬁ}{4x3x2} +T0 (}{5}{4}{1 }{D}

wife = wols = [+ = Tof+ 5 vHDL| i) me [0, 7] =

Zoom 4 times, key CTRL down to revertto 2 times

. T
Function:  sin(x) xE [0, =z [ Th 16 wwords, TO 16 words, Max Error: 0.013981643
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Modular Arithmetic

Modular 7 et be the set { my, my, m3, ... mpy} of n integer constant pairwise prime called moduli

representation ...\ pe the product of this constants, M = m* mp* m3* ... * my,.

Let A be an integer smaller than M.

A can be written ( aj0ay0a30....0a, )rRNs Where a; = A modulo m; (residue).

This definition tells how to get the a; from A. On the other hand it is possible to get
back A from the a; using another set of precomputed constants { imj, imp, img3, ...
imy} called inverse modulo M of the former.

A =0aj *im| +ap * imp + a3 * im3 + ..... an * 1My O modulo M

This result is proved in the "Chinese remainder theorem". Check if you are acquainted

with this representation by converting A from "decimal to RNS" or from "RNS to
decimal".

Conwert A from decimal to BENS (enter the 3 residus g; then "Walidate™)

Moduli  m, 3 m, |4 m, |5 my |7 mg |11
Residues a, |EI a, |3 ay |3 a, |3 CH |EI
Inverses im1 ir'l"l2 im3 im4 im5

1540 3464 3696 2640 2520

‘ A |1u h |4520 DecimaltnRN8| Mb. moduli |5 E

Modular Modular addition uses n small adders computing simultaneously all the sums
addition s;=0a; +b; Opodulo M-

Moddli m, [3 m, |5 iy |7 My |8 g 11 mg [13

| | |

a, |0 32|IZI a, |0 a, [0 a [0 . |0
L L L

b, n b, |8 b, |6 by |2 o1

modular lli lli lli l &

adders + + + + +

Walidate

a

(=23

3
S=A+B 5, [0 5, 2 5, [5 s, [B s, |2 s 1
S=(0]0[0[0]0[0)y, +(0[21616]2[1 )5,z (0[21616]2]1) 4,

8=|D*BDDBD+2*QEDQE+E*BEBDD+E*1DE1DE+2*?544D+1*SEQED|12mzn=222

A ID B |222 3 |222 Mh. modali |6 E

Modular Modular subtraction uses n small subtractors computing simultaneously all the
Subtraction differences d; = Oa; + m; - bj 0 modulo M-
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Moddli ), [3 2|:5 my |7 m, |8 mg [11 Mg

[13

| | |

a, |1 az|n a, |4 a, |6 ag |0 ag |4
L L L

b, |0 2|2 by |5 b, |6 by |2 be |1

rosuar lll 2 S P SN0 T S VY

suhtractors

L
D=a-B d, [T d, [3 d, [6 d, [0 d, [8 d, [3
D=(1|0]4|6]0] 43 —(0[2]5]6]2[1 ) =CT[3]B]0]3]3 )5,
D= [ 1+80080 + 3+ 06006 + 6= 85800 + 0+ 105105 + 0 76440 + 3+ 36960 | =328

[=]

& 580 B |222 O |328 Ng. moduli [6 2

Modular Modular multiplication uses n small multipliers computing simultaneously all the
Multiplication products p; = Oa; * b; O modulo M-

Moduli m, |3 m, |4 my |7 m, [@ my [11 mg [13
A oAz a, [0 a, |3 a, |4 a |4 a, |6
L L L L L L
B byt b, |2 b, |6 by |2 by [4 by |7
SV O R P N Y ¥ IR 21 IR Y N 7!
multipliers ¥ ¥ ¥ ¥ ¥ ¥
L L L L L L
F=A"B p, I2 p2|D psl"' p4|IJ p5|9 ps|3

P=(2| 024|868 pue =T [2]B[2]4]7 )pu =C2[0[4]0[9]3) .
F=|2+80080 + 096096 + 4~ 85800 + 0+ 105105 + 8+ 76440 + 3+ 36960 | _ = 101000

& [500 B [202 P [1o1000 Nb.mndulilﬁ—g

Conversion into The conversion of a binary variable A into RNS consists in finding all a; = A modulo
RNS

m; i.e. the remainders of the division of A by m;. But the division is not the best
approach.

« the rest modulo 2" is immediate,
e the rest modulo 2" — 1 requires only additions,

e the rest modulo 2" + 1 requires some additions and some subtractions.
In other cases we resort to the one of the two last expressions with the smallest n.
Trees of adders (Wallace trees) reduce A to the sum of two n-bit numbers while

respecting the rest modulo m;.
The graphical conventions are the same as for partial products reduction .
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21029 23 2? zﬁ 25 24 23 22 21 2I:I
1011
FAFA[FAFAIFAIFA[FA[FAIFAIFAIFA
FAFA[FAFAIFAIFA[FA[FAIFAIFAIFA
FAFA[FAIFAIFAIFA[FA[FAIFAIFAFA
T|g|g|8|8(a|8|8/8 /8|8
FAFA[FAFAIFAIFA[FA[FAIFAIFAIFA
FAFA[FAIFAIFAIFA[FA[FAIFAIFAFA
5|6 |6 |6 |E[6|A|B |GG KB
HAFA(FA FAFAIFAFA[FAIFAIFAFA
FAFA[FAFAIFAIFA[FA[FAFAIFAFA
404444442244
FAFA[FAFAIFAIFA[FA[FAFAIFAFA
3 3313|333 [F[3]3
FA FAIFAFA[FAIFAIFAFAFAFA
2 202222222

carny end around adder

Feed back of 3 hits

Feed back of 2 hits

Feed back of 2 hits

Feed back of 1 bit

FA

Feed back of 1 bit

Reduction modulo 2" - 1= 2047 { since 2047 =23+ 89 ),
Thewallace trees reduct from 120 to 22 hits while preserving the value modula 23 .

b bits 120

VHDLl

[~ Utiliser des CS

m [23 =

[=]
=

Example of The following applet reduces 64 bits into 6 bits whereas preserving

the value

modulo 415 63 (63 = 26 — 1) . At the output, zero has two notations: either "000 000" or

}

reduction 11 111"
1] ]ofol oltollol[1liol ool o[ ]lollofofjo]tloll ol ]ofololol [1fiefolioitliol lololof ] ol olollolol DD1DDDD0L*:L'Q"Q*J'*2'{}“"2*2";"1“"2*0"
1010 [ [1 1 [
FalFa FalFalFa Fa
FA|FA FA[FA|FA FA
FAFA FA[FA|FA FA
7178|888
FalFaFalFalFa Fa
Fa | |Fa | |Fa Fa | [Fa||Fa Fa | |Fal|Fa Fa | [Fa | |Fa Fa | [Fa||Fa [FA FaFa FalFa Fa
556|666
=7 = HAHAFA|FA Fa Fa
FA|FA FA[FA|FA FA
444444
FA [ FA FA FAFAFAFA[FAIFA
[ ] SEEEREE
= FAlFa FAlFAFa Fa
i n ] 2|z (2 [2(2]2
o AAAArArA
[ ]
=7 e
Fa, FA Fa, FA FA Fa,
Fa FA Fa FA FA Fa,
Fa, FA Fa, FA FA Fa,

:

Delay : 29, activity | 26

g

THE2150706525799123 mod B3 =13
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modulo 2"-1 The "end-around-carry" adder offers two advantages : it works fine modulo 2" 1

adder and is simple and two disadvantages as well : it is slow and difficult to test, both for
the same raison 1i.e. for the value zero are two stable cases.

An adder delivers spontaneously a modulo 2" sum. With a slight modification, the

Sklanski's adder delivers a sum S modulo 2Il —1.
e« ifA+B<2 —1thenS=A+B:
e ifA+B=2"—1thenS=0A+B+1 Oodulo2n

The condition is given by the carry out cy:

e ifcy=
e ifcy=
e ifcy,=

'K'then A +B<2"—1,
P'then A+B=2"—1,
'G'thenA +B>2"—1.

The "feed-back" signal that controls the "+1" is 'K' if ¢, = 'K' and 'G' otherwise.

Delay: 3, activity . 8

A, bﬁ g bl5 A, b4 Ay b3 Ay t:l2 3 b1 a hn
@ @ o o] o] ol o]
Ha, [Ha | [Ha | [Ha | Ha H#, H#,
feed-hack . .
By " cgj( L cﬁlir/ cg:r L cEj( EET/ cEj( L c, ¥
5? SE 55 54 53 52 51 SI:I
A |1nn B |200

= |45 Mhb. "Bl cells |1EI Mh. hits {2 % @ ‘
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A [s00 % [goo P |1030 Nb.pits [10 = YHDL |

ag 38 a? aﬁ 85 34 83 32 81 an

o o @ @O
wp o 0 o 0o 0o o 0 0 0 0
@ o o © o o o 0o 0 0 0
w@g o o 1 o 0 o 0 0 1
wp o 0 o 0 0 0 0 0 0 0
g * o 8o o o o 1 1 0 0
x%f o o0 o o o 1 1 0 a3 1
R e
<@g o o o 1 1 o 0o 1 0 0
»f 0o 0o 1 1 o 0o 1 0 0 0
wf o o o0 o0 o 0 0o o 0 0

1 a 2 2 2 2 3 2 2 2
A+B=400000= 1030 +(390+1023)
Reduction The following applet reduces 64 bits into 7 bits while preserving the value modulo 65

modulo 2" + 1 (65=2" +1). It is derived from the previous reducer by complementing all the bits
with position within 6(2k + 1) and 6(2k + 1) + 5. The output carry of the terminal
adder cannot be fed back in the adder. Instead it must be added to the result, yielding
another 7-bit number.
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DI (10f0] (o1 ojoo] ofofoydia o] efo]io|ofo) [fojalai o] oo fof it ioof o)|ofo]T o) of o ojoi | @ioloojii Qi of oo

25 g4 33 92 91 ol
w00 n 1] n

FA | [Fa||Fa Fa | [Fa | [Fa FA | [Fa||Fa FA | [Fa||Fa FA | [Fa | [Fa i B Rl Rl 7
FA|FA[FA[FA[FA[FA

FA|FA[FA|FA[FA|FA

— = T —=7|7|8|a8 |8

Fa[FA[FAFAlFalFa

FA FA|FA|FA|FA|FA|FA
7] 556|666
HAHAFA[FA[Fa|FA

FA[FAFAFAIFA[FA
41414 /41(4 4
FA[FAFAFAIFA[FA
3131313 ([3]3
FA[FAFAFAIFA[FA
2222122

i 7
I j - -
][]
i
=7

Fa FA Fa FA FA FAIFAFAIFAIFAIFA
Fa FA Fa FA FA Fa
Fa FA Fa FA FA HA
feed-hack
1] i 1] 1+ [
Delay: 29, activity : 26 05332860240437219412 mod B5= 51 + 1

modulo 2" +1 We now want an adder modulo 2" + 1.
adder . fA+B<2"+1thenS=A+B;:

e ifA+B=2"+1thenS=0A+B-10y0dulo2n
The previous adder is used with two numbers X and Y such that X + Y =A + B +

2"~ 1. A row of HA' cells carries on this addition propagation-free. HA' is the dual of
HA.

e ifX+Y<2"" thenS=0X+Y + 1 Omodulo2n
e ifX+Y22"" then S=0X+Y Omodulo2n:
The "feed-back" signal that controls the "+1" is the "nand" of x,, and (c, = 'K'). The

result bit s, is the "and" of x;, and (¢, = 'P").
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Delay 4, activity : 8

feed-hack

L

g

8 g 5, 5 o

N : =
A [zoo0 B [100 5 [43 Mb."BK' cells [19 Nb. bits [a = @

Conversion from The "Mixed Radix System" is a positional number system with weights (1) (mj)

" " int
RNS™Into () 0y (mymoms) (mymoms....my. ).
mixed-radix . o :
svstem "MRS" In this system X is written ( zj0zy0 z30....0 z, )MRrS With 0 < z; <mj;. Note that the
y digit set have the same range as the RNS digits, but the digits themselves are
different.
The value of X =71+ my * (zp + mp * (z3 + m3 * ( .....))).

i |3 1 |5 Ty |T m4|8
}{1|1 }{2|3 }{3|2 }{4|4
| | ¥ *

— ]
I e
% ¥ ¢
L
"__ L L
21F 22|4 23|3 z4|2
Z=(1]4]3]2))pe=1+3+(4+6+(3+7+2)) = 268
% [288 Nh.mudulild—g
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